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Dexterous Contact-Rich Manipulation via
the Contact Trust Region

H.J. Terry Suh∗,1, Tao Pang∗,2, Tong Zhao2 and Russ Tedrake1

Abstract—What is a good local description of contact dynamics
for contact-rich manipulation, and where can we trust this
local description? While many approaches often rely on the
Taylor approximation of dynamics with an ellipsoidal trust
region, we argue that such approaches are fundamentally in-
consistent with the unilateral nature of contact. As a remedy,
we present the Contact Trust Region (CTR), which captures
the unilateral nature of contact while remaining efficient for
computation. With CTR, we first develop a Model-Predictive
Control (MPC) algorithm capable of synthesizing local contact-
rich plans. Then, we extend this capability to plan globally
by stitching together local MPC plans, enabling efficient and
dexterous contact-rich manipulation. To verify the performance
of our method, we perform comprehensive evaluations, both in
high-fidelity simulation and on hardware, on two contact-rich
systems: a planar IiwaBimanual system and a 3D AllegroHand
system. On both systems, our method offers a significantly
lower-compute alternative to existing RL-based approaches to
contact-rich manipulation. In particular, our Allegro in-hand
manipulation policy, in the form of a roadmap, takes fewer than
10 minutes to build offline on a standard laptop, with online
inference taking just a few seconds. Experiment data, video and
code are available at ctr.theaiinstitute.com.

I. INTRODUCTION

ROBOTS today rarely leverage their embodiment to the

fullest due to the limitations of our computational algo-

rithms: robot arms only establish contact with the end-effectors

and only perform collision-free motion planning, and robot

hands often only establish contact with the fingertips instead

of leveraging the entire surface of the hand. This stands in

stark contrast to humans, as we are able to utilize every

part of our body to strategically establish contact with the

environment. In order to address this gap, dexterous contact-

rich manipulation, where a robot must autonomously decide

where to establish contact without restricting possible contacts,

remains an important problem for us to solve.

At the heart of many iterative algorithms for manipulation

lies the question: what is a good local description of con-

tact mechanics for contact-rich manipulation that i) faithfully

captures local behavior, and ii) is sufficiently simple for effi-

cient and scalable computation? Classically, many works have

utilized Jacobian-based analysis to locally reason about how

the contact forces affect kinematic changes in configurations

[1]–[3]. These mechanics have been used heavily as local rep-

resentations of contact for planning and control in subsequent

works. For instance, classical grasping analysis and synthesis

relies on local wrench-space arguments [4], [5]. Many direct
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Fig. 1: Hardware experiments illustrating the utility of our proposed
method in contact-rich manipulation. Left: Dexterous in-hand ma-
nipulation with the Allegro hand moving a cube. Right: Whole-body
manipulation with bimanual iiwas moving a bucket.

methods for gradient-based trajectory optimization encode

Jacobian-based local dynamics as constraints as well [6]–[8].

At surface level, these approaches seem different from those

that use a differentiable simulator [9]–[15] to build Taylor

approximations of the dynamics, thus abstracting away the

details of contact mechanics from the planning algorithms.

Previous works have utilized this locally-linear first-order Tay-

lor approximation for the purposes of trajectory optimization

and control [11], [16]–[20].

The apparent discrepancy between the two approaches begs

the question of how they are related. In fact, deriving the

gradients given by the differentiable simulators analytically

reveals that the locally linear model and the local Jacobian-

based models are fundamentally related [11, Example 5].

However, the form of each approximation hides a more

fundamental difference when we ask: where can we trust

this local model? For the local approximations, this region

is known as the trust region in optimization literature [21].

Intuitively, the trust region describes where the local model

closely approximates the original function, letting us safely

rely on it for local improvements. As the quality of Taylor

approximations typically degrades as we move further from

the nominal point, previous works have often utilized an

ellipsoidal trust region [21]–[23].

Our first contribution (Section III) is to elucidate the incon-

sistency between the ellipsoidal trust region and the unilateral

nature of contact. We then remedy this inconsistency by

delving deeper into the structure of modern differentiable

simulators and proposing the contact trust region. The contact

trust region allows us to connect representations based on

differentiable simulators to those in classical works, such

as the wrench set or the motion set, and can be readily

obtained by combining ingredients from existing differentiable

simulators.

Our analysis is based on quasidynamic differentiable simu-
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lator proposed in [11], called the Convex Quasidynamic Differ-

entiable Contact (CQDC) contact model. The CQDC model,

recapped in Section II, is very representative of approaches

taken by modern differentiable simulators through contact

[11], [12], [24], [25]. It treats simulation of contact as a convex

optimization problem whose primal solution becomes the next

state x+, and gives gradients by performing sensitivity analysis

in convex optimization.

However, while a bulk of previous approaches [11], [17]–

[19] have only focused on building a Taylor approximation of

the configurations based on sensitivity gradients, our contact

trust region also builds a linear model over the contact

impulses by utilizing sensitivity analysis to obtain gradients

with respect to dual variables. Having a linear model over the

contact impulses allow us to further qualify the ellipsoidal trust

region by imposing friction cone constraints which are often

present in works that directly encode contact mechanics.

The contact trust region and its connection to convex

formulations of contact dynamics also allows us to seamlessly

integrate the advances in contact smoothing for planning and

control [7], [11], [12], [18], [26]. Without contact smoothing,

many classical Jacobian-based methods as well as local trajec-

tory optimizers are limited to fixed contact mode sequences.

Thus, their ability to describe contact mechanics locally has

been limited to describing the relationship between possible

contact forces and changes in state within a contact mode.

The myopicness of this local model is consistent with the

non-smooth nature of contact, which also spells trouble for

gradient-based Taylor approximations of contact dynamics.

While complementarity-based representations [27] and

mixed-integer formulations [28]–[30] attempt to alleviate this

limitation by considering contact mode changes globally,

optimizing through these models often require combinatorial

search through all possible contact mode sequences. Given

the near-exponential scalability of contact modes [31], these

methods are therefore not fit to tackle problems that are

rich in contact. Thus, many successful algorithms go through

an approximate representation in which complementarity is

omitted in practice [32]–[34].

To alleviate these limitations, smoothing-based methods

relax contact dynamics by reasoning about the average result

of all the contact modes around a nominal state given some

distribution of state and action disturbances. Recent works [9],

[18] have attributed the success and scalability of Reinforce-

ment Learning (RL) to this mechanism. Surprisingly, however,

[11], [35] shows that for contact dynamics simulated by

convex optimization, this process can be done without Monte-

Carlo by using barrier smoothing which performs interior-

point relaxation of the original contact dynamics and produces

force from a distance. Yet, naively applying classical control

methods such as LQR on smoothed linearization of contact

dynamics has shown mixed results [36].

Our proposed contact trust region advances the discussion

on smoothing by indicating where the smoothed dynamics

remain reliable. As our approach draws directly on convex

optimization concepts, particularly the sensitivity analysis of

primal and dual solutions, we can enjoy the same smoothing

benefits by applying an interior-point relaxation that perturbs

the original problem’s KKT conditions.

As our second contribution, we present a highly-efficient

contact-implicit Model Predictive Control (MPC) method [32],

[37] in Section IV. Specialized to contact-rich manipulation,

our MPC method leverages the contact trust region to faithfully

approximate contact dynamics locally. By formulating the

contact trust region as a convex set—specifically, an inter-

section of multiple second-order cone constraints—we can

readily incorporate it into various local trajectory optimization

problems such as goal tracking and force control [38], [39].

We show the efficacy of our proposed contact trust region

and MPC method on two representative contact-rich manipula-

tion problems in Figure 1: i) whole-body manipulation on the

bimanual iiwa and bucket system, and ii) in-hand reorientation

on the Allegro hand and cube system. For both systems, we

aim to answer the following two questions: i) is the MPC

method successful in planning for goals under quasidynamic

equations of motion (Section V), and ii) can the MPC method

successfully stabilize quasidynamic plans under true second-

order dynamics (Section VI)? Through 2000 trajectory runs in

simulation and 100 runs on hardware, our results delve into

the efficacy and the limitations of our approach, as well as the

benefits of the contact trust region over the ellipsoidal one in

the context of planning and control.

While our MPC is highly effective in local planning, the

goals it can achieve are fundamentally limited by local reach-

ability. For further goals that require non-trivial exploration,

its capacity is limited in the absence of a good initial guess.

Furthermore, when the MPC encounters such goals, its per-

formance is relatively hard to characterize.

As our final contribution, we address global planning by

chaining local trajectories discovered by MPC. To do this, we

follow a roadmap [40] approach where we seed each node

with a stable object configuration. Then, we connect these

nodes by first finding good actuator configurations for local

MPC to start from using our contact trust region (Section VII),

then rolling out the MPC plan. To demonstrate the constructed

roadmap’s robustness, we perform on the Allegro hand system

150 consecutive edge traversals before a hardware failure

occurs. For new goals that are not in the roadmap, we simply

find the closest node to the goal, then connect them by the

same process of finding a good initial actuator configuration

and then rolling out MPC.

Our proposed global planning method (Section VIII) en-

ables efficient dexterous re-orientation on the Allegro hand,

and has several advantages compared to existing approaches.

Compared to single-query algorithms [11], [41]–[43], most

of the computation time for our algorithm happens offline

in the roadmap-building stage, enabling fast online inference.

Moreover, the offline roadmap construction only takes minutes

on a standard laptop, which is orders-of-magnitude less than

approaches based on deep RL [44]–[46].

Through our three contributions of i) the contact trust

region that approximates contact mechanics efficiently, ii) a

highly effective gradient-based MPC controller specialized to

local contact-rich manipulation, and iii) a global planner that

stitches together local trajectories, our method succeeds in

dramatically reducing computation time compared to state-

of-the-art methods in RL [45]–[47] or sampling-based MPC

methods [48], [49] without the need for parallelization. We
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hope digging deep into the structure of contact mechanics can

bring efficiency to the current state-of-the-art approaches for

whole-body manipulation and dexterous in-hand reorientation.

II. CONTACT DYNAMICS AS CONVEX OPTIMIZATION

Many state-of-art methods for simulating contact solve a

constrained optimization problem at every step [10]–[12],

[50]–[53]. In this paper, we use the quasi-dynamic formulation

of contact dynamics presented in [11], where we assume the

system is highly damped by frictional forces.

A. Setup & Notation

We assume the state consists of configurations, which we

denote by q ∈ R
nq , and omit velocities due to the quasi-

dynamic assumption. These configurations are divided into

actuated configurations qa ∈ R
nqa that belong to the robot, and

unactuated configurations qu ∈ R
nqu which represent object

dofs. Furthermore, the actions are represented as a position

command u ∈ R
nqa to a stiffness controller with a diagonal

gain matrix Ka ∈ R
nqa×nqa .

B. Equations of Motion

At a configuration q, the equations of motion are framed as

a search for next configurations q+ = (qa+, q
u
+) such that the

following balances of impulse holds,

hKa(q
a
+ − u) = hτa +

nc
∑

i=1

(Jai(q))
⊤λi (1a)

ϵMu(q)
qu+ − qu

h
= hτu +

nc
∑

i=1

(Jui
(q))⊤λi (1b)

where h ∈ R>0 is the timestep, τa ∈ R
nqa and τu ∈ R

nqu

are external torques acting on actuated and unactuated bodies

respectively (e.g. gravity), and ϵ ∈ R≥0 is a regularization

constant.

In addition, we define an index set Ic over pairs of contact

geometries, which we can obtain from a collision detection

algorithm. For each contact pair i ∈ Ic, λi ∈ R
3 correspond

to contact impulses. By convention, we denote λi = (λni
, λti )

where λni
∈ R corresponds to contact impulse along the nor-

mal direction of the contact frame, and λti ∈ R
2 corresponds

to the frictional forces along the tangential plane.

We also define the contact Jacobians Ji ∈ R
3×(nqu+nqa ) as

local mappings from the configurations q to the contact frame.

The top row corresponds to the normal direction of the contact

frame, where as the bottom two rows orthogonally span the

tangential plane. The Jacobians can further be decomposed

into mappings into actuated and unactuated dofs,

Ji := [Jui
,Jai ] :=

[

Jni

Jti

]

∈ R
3×(nqu+nqa ). (2)

With this notational setup, (1a) describes that the config-

uration of the actuated bodies at the next step, qa+, will be

decided such that the sum of the impulses must be balanced

by the impulse experienced by the stiffness controller at the

next step. Similarly, (1b) states that the unbalanced impulses

result in relative displacements of the unactuated bodies.

C. Contact Constraints

Additional constraints further qualify the relationship be-

tween the next configurations q+ and contact impulses λi:

1) non-penetration: next configuration is non-penetrating,

2) friction cone: λi must be inside the friction cone,

3) complementarity: contact cannot be applied from a dis-

tance, and the direction of friction opposes the move-

ment (i.e. maximum dissipation).

To impose these constraints, we first define the friction cone

K⋆
i for each contact point, as well as its dual cone Ki,

K⋆
i :=

{

λi = (λni
, λti) ∈ R

3|µiλni
≥

√

λ⊤
tiλti

}

, (3a)

Ki :=

{

νi = (νni
, νti) ∈ R

3|νni
≥ µi

√

ν⊤ti νti

}

. (3b)

Anistescu’s relaxation allows us to write down these contact

constraints in a convex manner by introducing a mild non-

physical artifact, where sliding in the tangential plane results

in separation in the normal direction,

νi := Ji(q+ − q) + [ϕi, 0, 0]
⊤ ∈ Ki, (4a)

λi ∈ K
⋆
i , (4b)

ν⊺i λi = 0. (4c)

where ϕi is the current signed distance for contact pair i.

D. Contact Dynamics as Convex Optimization

We can frame the equations of motion with contact as a

search for the next configurations q+ that satisfy the constraints

introduced in Section II-B and Section II-C,

find q+ (5a)

s.t. (1a), (1b), (4a), (4b), (4c). (5b)

Remarkably, this is equivalent to the KKT conditions of the

following Second-Order Cone Program (SOCP),

min.
q+

1

2
q+

⊤Pq+ + b⊤q+, subject to (6a)

Jiq+ + ci ∈ Ki, ∀i ∈ Ic, where (6b)

P :=

[

ϵMu/h 0
0 hKa

]

, b := −h

[

ϵMuq
u/h2 + τu

Kau+ τa

]

, (6c)

ci := [ϕi, 0, 0]
⊤ − Jiq. (6d)

where Ic is the index set over potential contact pairs. Note

that stationarity (1), primal feasibility (4a), dual feasibility

(4b), and complementary slackness eq. (4c) are the optimality

conditions of this SOCP, known as the Karush-Kuhn-Tucker

(KKT) conditions. For complementary slackness of SOCPs,

we note that we do not impose element-wise slackness: the

primal and dual vectors can both be non-zero as long as they

are orthogonal [11], [54].

In dynamical systems and control theory, it is conventional

to represent the dynamic system as a map f that takes a state

and input then maps it to the next state. As our state only
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consists of configurations q for quasidynamic systems, we use

the following notation for contact dynamics,

q+ =f(q, u) (7a)

=argminq+
1

2
q⊤+Pq+ + b⊤q+,

subject to Jiq+ + ci ∈ Ki, ∀i ∈ Ic. (7b)

E. Sensitivity Analysis

Changing q, u will change the problem parameters of the op-

timization program (6). For instance, changing u will change

b, and changing q will change Q, b,Ji, and ci. Thus, the

dynamics map describes a solution map from the change in

parameters of the SOCP to the optimal solutions.

Various first-order methods in numerical optimization and

optimal control often utilize the gradients of the dynamics map

f with respect to the state q (velocities omitted due to the

quasidynamic assumption) and input u. As our dynamics can

be interpreted as a solution map, this question can be reduced

to asking: how does the optimal solution of an optimization

problem change as we change the problem parameters?

We can answer this question through the technique of

sensitivity analysis, which states that as we locally perturb

the problem parameters, the primal and dual solutions of (6)

change in a way that preserves (up to first-order) the equality

constraints involving stationarity (1) and complementarity (4c)

constraints. This is equivalent to stating that the derivative of

the equality constraints with respect to q or u are also zero

at optimality. For instance, rewriting the derivative of (1) and

(4c) in matrix form gives us
[

P Hi [−Ji]
⊤

Vi
[

λ⊤
i Ji

]

Di [Jiq+ + ci]

] [

∂q+/∂u
Vi [∂λi/∂u]

]

=

[

−∂b/∂u
0

]

(8)

where Hi,Vi,Di stands for horizontal, vertical, and diagonal

stacking of the terms according to indices of active constraints

(see Section IX-A for derivation). Then, we can use the

implicit function theorem to solve the system of equations and

obtain the derivatives ∂q+/∂u and ∂λi/∂u. The derivatives

with respect to q may be obtained in a similar fashion, but are

more involved due to the ∂Ji/∂q term (curvature).

F. Smoothing of Contact Dynamics

In sensitivity analysis, we fixed the active and inactive

constraints: this is natural since there is no way to make an

active constraint inactive and vice-versa locally. This gives us

more insight into the non-smooth nature of contact, where the

dynamics is continuous, piecewise smooth but has discontin-

uous gradients. Each smooth piece, also known as a contact

mode, corresponds to a combination of active and inactive

constraints [55].

Unfortunately, such non-smooth dynamics can be subject

to fast-changing gradients that can destabilize methods that

rely on local approximations [18]. In addition, the landscape

can have flat regions if none of the contact modes are active,

leaving optimizers stranded without informative directions

of improvement [9]. As such, various dynamic smoothing

methods have been proposed over the years to relax this

numerical difficulty [7], [11], [12], [18], [26]

In [11], [12], a method of smoothing out optimization-based

dynamics was introduced based on the log-barrier (interior-

point) relaxation of (6), which solves for the KKT equations

where the complementarity condition is perturbed by a positive

constant κ,

λ⊤
i (Jiq+ + ci) = κ. (9)

The resulting solution is equivalent to solving the log-barrer

relaxation of (6),

min
q+

1

2
q⊤+Pq+ + b⊤q+ − κ

nc
∑

i=1

log
[

ν2i,n − µ∥νi,t∥
2
]

, (10)

where νi = Jiq++ci. The resulting dynamics creates a force-

field effect where bodies that are not in contact apply forces

inversely proportional to their distance (9). The gradients

of this smoothed dynamics can be obtained similarly to the

SOCP case by differentiating the perturbed complementarity

constraints (9) instead of the strict one (4c). However, unlike

the SOCP case, every constraint is active in this relaxation,

which intuitively agrees with the continuity of the gradients.

Similar to (7), we denote the dynamics map over the relaxed

contact dynamics throughout the manuscript as

q+ = fκ(q, u) (11a)

= argminq+

(1

2
q⊤+Pq+ + b⊤q+

− κ

nc
∑

i=1

log
[

ν2i,n − ∥νi,t∥
2
]

)

(11b)

As an unconstrained optimization problem, (10) technically

does not have dual variables. However, if we consider solving

the SOCP dynamics (6) with the interior point method, (10)

corresponds to one major iteration along the central path [54,

§11.6]. Therefore, we can identify contact impulses with the

dual feasible points along the central path:

λκ,i =
κ

ν2i,0 − µ∥νi,t∥2

[

νi,n
−µνi,t

]

. (12)

We note that this impulse i) has a direction opposing the

movement in the tangential plane, ii) has a magnitude that

satisfies (9), and iii) lies in the friction cone.

III. LOCAL APPROXIMATION OF CONTACT DYNAMICS

Consider a simple, single-horizon optimization problem that

involves the contact dynamics (6) as a constraint,

min
q+,u

∥qgoal − q+∥
2 (13a)

s.t. q+ = f(q, u). (13b)

A majority of first-order algorithms for optimization and

optimal control rely on iteratively making a local approxima-

tion of the problem that is more amenable for computation.

For instance, gradient-descent makes a linear approximation,

and Newton’s method makes a quadratic one. In this section,

we answer the question: what is the right local approximation

of the contact dynamics that i) is computationally convenient,

and ii) captures the correct local behavior?
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A. Linear Model over Smoothed Primal and Dual Variables

Previous works on smooth dynamical systems have often

resorted to a first-order Taylor approximation of the dynamics

around some nominal coordinates (q̄, ū), and approximates the

dynamics with a linear model. This Taylor approximation can

be compactly written as

q+ = Aδq +Bδu+ f(q̄, ū), (14a)

A := ∂f/∂q(q̄, ū), B := ∂f/∂u(q̄, ū), (14b)

δq := q − q̄, δu := u− ū. (14c)

However, many previous works [7], [9], [11], [12], [56]

have noted that due to the non-smooth nature of contact,

it is beneficial to smooth the dynamics where a first-order

Taylor approximation would be valid beyond the contact mode

to which (q̄, ū) belongs [11]. A first-order Taylor expansion

under such a smoothed dynamics model can be written as

q+ = Aκδq +Bκδu+ fκ(q̄, ū), (15a)

Aκ := ∂fκ/∂q(q̄, ū), Bκ := ∂fκ/∂u(q̄, ū), (15b)

δq := q − q̄, δu := u− ū. (15c)

where κ is the barrier smoothing parameter introduced in (9).

Still, as this linear model only gives a local approximation,

we would naturally expect the quality of this approximation

to degrade as we get further from the nominal coordinates

(q̄, ū). In order to more rigorously characterize the validity of

the local linear model, we need to analyze the behavior of

(q+, λ+,i) as we vary (δq, δu), where λ+,i are the linearized

dual variables defined by:

λ+,i = Cκ,iδq +Dκ,iδu+ λκ,i(q̄, ū), (16a)

Cκ,i := ∂λκ,i/∂q(q̄, ū), Dκ,i := ∂λκ,i/∂u(q̄, ū). (16b)

Lemma 1 (Taylor Approximation). Consider the joint linear

model of the primal and dual variables,
[

q+
Vi[λ+,i]

]

=

[

Aκ Bκ

Vi[Cκ,i] Vi[Dκ,i]

] [

δq
δu

]

+

[

fκ(q̄, ū)
Vi[λκ,i(q̄, ū)]

]

.

(17)

Then, this linear model satisfies the equality conditions of the

perturbed SOCP (1b),(1a),(9) to first order,
[

P̄q+ + b̄−
∑nc

i=1 J̄
⊤
i λ+,i

Vi
[

(J̄iq+ + c̄i)
⊤λ+,i − κ

]

]

= O
(

(δq, δu)2
)

(18)

with P̄ := P(q̄, ū)+ ∂P
∂q

δq+ ∂P
∂u

δu, and vice-versa for b̄, J̄, c̄i.

Proof: If we expand the Taylor-approximated equations

and drop the terms above first-order, we are left with i) the

original equality conditions over nominal coordinates which

must hold due to the nominal values being obtained at opti-

mality and ii) its first-order expansion, which must hold due

to the definition of the sensitivity gradients (8).

B. Ellipsoidal Trust Region (ETR)

Lemma 1 implies that the linear model will no longer

be accurate far away from (q̄, ū), even with the beneifts of

smoothing [11]. As such, many optimization methods are

further concerned with the question of where we can trust

the local model, known as the trust region around (q̄, ū) that

further qualify the accuracy of the linear model [21], [23]. To

simplify computation, these trust regions are often chosen to

be simple geometric primitives.

Following classical works, let us first consider an ellipsoidal

trust region which can be described in quadratic form:

EΣ(q̄, ū) := {δz = (δq, δu)|δz⊤Σδz ≤ 1}. (19)

The set of q+ achievable with this ellipsoidal trust region

can be written as

{q+|q+ = Aκδq +Bκδu+ fκ(q̄, ū), (δq, δu) ∈ EΣ(q̄, ū)}
(20)

In order for this linear model to be consistent with the

true dynamics within the trust region, choosing an appropriate

trust region parameter Σ is imperative. If Σ has too large of

a volume, it is likely that there will be large errors in the

behavior of the system within the trust region. On the other

hand, if Σ is too small, iterative algorithms will have to take

more iterations to converge.

C. The Feasible Trust Region (FTR)

However, contact is more special in that it is a unilaterally

constrained dynamical system1. If points in the trust region

predicts a behavior of primal and dual variables that are

not feasible, this can also cause a large discrepancy in the

approximated model within the trust region. In practice solvers

would also try to find an ellipsoidal trust region such that all

the elements within the trust region would result in a feasible

prediction [57], [58]. However, this often also results in overly

conservative and small region as we get closer to the boundary.

Thus, we propose to separate the role of the ellipsoid

in keeping Taylor approximation error low, and having to

be inscribed within the feasible set. This is achievable by

intersecting the ellipsoidal trust region and the primal and dual

feasible set under linearized approximations of the primal and

dual variables. We formalize this object in Definition 1.

Definition 1 (Feasible Trust Region). We define the Feasible

Trust Region (FTR) at (q̄, ū) as the set of all allowable

perturbations that do not result in violation of the primal and

dual feasibility constraints under a linear model,

FΣ,κ(q̄, ū) := {(δq, δu)|δz
⊤Σδz ≤ 1, δz = (δq, δu), (21a)

q+ = Aκδq +Bκδu+ fκ(q̄, ū), (21b)

λ+,i = Cκ,iδq +Dκ,iδu+ λκ,i(q̄, ū), (21c)

Jiq+ + ci ∈ Ki, (21d)

λ+,i ∈ K
⋆
i }. (21e)

We note the FTR (21) is convex as an intersection of

convex constraints. As such, it can be efficiently embedded

into convex conic solvers as constraints. When iteratively

solving (13), the FTR (21) allows us to take larger step

sizes compared to the traditional ellipsoid trust region (19), as

primal and dual feasibility are guaranteed up to first order with

the addition of constraints (21d) and (21e). Larger step sizes

beneficially reduce the required number of iterations, which

1bilateral constraints are often included in sensitivity analysis, so would be
implicitly obeyed by the linear model
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is ideal especially when fast and approximate solutions are

desired.

We emphasize that the primal (21d) and dual (21e) feasi-

bility constraints both need to be considered: some (δq, δu)
may end up in violation of primal feasibility by predicting

penetration, yet might be dual-feasible as the required impulse

still lies within the friction cone. Other perturbations may be

primal feasible as it predicts a non-penetrating configuration,

but may be dual infeasible by predicting pulling-like actions.

D. The Contact Trust Region (CTR)

While FTR (21) improves upon the classical ellipsoidal trust

region by allowing larger steps, it can still face slower conver-

gence if the feasible set itself is too small. Unfortunately, this

is often the case if we impose all of the constraints in (21).

To more accurately represent the object forward reachability,

we leverage the fact that the configuration of the object is of

much more importance compared to the robot, and selectively

apply a subset of the constraints in (21).

The feasibility constraints in (21) can be grouped into primal

and dual feasibility constraints. In addition, as each constraint

is specific to a pair of collision geometries, the collision

geometries can be grouped into geometries that belong to the

robot (actuated geometries), the object (unactuated geometries)

and the environment. This implies there are 6 possible combi-

nations of these geometry pairs. We list our choice of which

constraints are imposed and dropped in Table I.

(u,u) (a,a) (e,e) (u,a) (u,e) (a,e)

Primal Feasibility O X X X O X
Dual Feasibility O X X O O X

TABLE I: Choice of imposed (O) and dropped (X) constraints for
each pair of groups of collision geometries.

In particular, we noticed that imposing the primal feasibility

constraints between the robot and objects lead to too conser-

vative of an approximation. This is due to the fact that under

a linear model of the smoothed dynamics, the sensitivity of

the actuated bodies is often much larger than the sensitivity

of the unactuated one (note that this is a relaxation of the

sensitivity of the unactuated body being 0 and the actuated

body being I when not in contact) - thus, the actuated body

catches up to penetrate the unactuated body upon very small

perturbations. As the positions of where the robots end up at

the next step is relatively less important than the object, we

decide to drop this constraint. In contrast, primal feasibility

constraints between the object and the environment should be

encoded, as non-penetration with the environment qualifies

the true set of allowable motion for the object. Likewise,

we impose all dual constraints that directly interact with the

unactuated body and ignore the rest of the dual constraints.

Definition 2 (Contact Trust Region). Let Iuu be the index

set of collision pairs between (unactuated, unactuated), Iue
for between (unactuated, environment), and Iua for between

(unactuated,actuated). Then, we define the Contact Trust

Region (CTR) as

SΣ,κ(q̄, ū) := {(δq, δu)|δz
⊤Σδz ≤ 1, δz = (δq, δu), (22a)

q+ = Aκδq +Bκδu+ fκ(q̄, ū), (22b)

λ+,i = Cκ,iδq +Dκ,iδu+ λκ,i(q̄, ū), (22c)

Jiq+ + ci ∈ Ki, ∀i ∈ Iuu ∪ Iue, (22d)

λ+,i ∈ K
⋆
i ∀i ∈ Iuu ∪ Iua ∪ Iue}. (22e)

Furthermore, we make the following definition for the

predicted dynamics over the trust region,

Definition 3 (Motion Set). We define the image of S(q̄, ū)
under the linearized primal solution map as the Motion Set,

MΣ,κ(q̄, ū) := {q+|q+ = Aκδq +Bκδu+ fκ(q̄, ū), (23a)

(δq, δu) ∈ SΣ,κ(q̄, ū)}. (23b)

Furthermore, we denote the projection of this set in the object

subspace as the object motion set Mu
Σ,κ(q̄, ū) := {qu+|q+ ∈

MΣ,κ(q̄, ū)}, and the actuated part as the robot motion set.

Note that as a linear map of a convex set, the motion set (23)

is also convex.

E. Mechanics Derivation of the Motion Set

Our choice of constraints in CTR can be further motivated

by connecting the CTR to classical sets in manipulation, such

as the motion cone [59], [60], or the wrench set [61], [62].

As these classic works are often concerned with geometric

Jacobian-based analysis at the current configuration, we first

introduce a special case of the CTR that has zero perturbations

in configuration (δq = 0).

Definition 4 (Action-only Contact Trust Region). We define

the Action-only Contact Trust Region (ACTR) SΣU,κ as

SΣU,κ(q̄, ū) := {δu|δu
⊤Σδu ≤ 1 (24a)

q+ = Bκδu+ fκ(q̄, ū) (24b)

λ+,i = Dκ,iδu+ λκ,i(q̄, ū) (24c)

Jiq+ + ci ∈ Ki, ∀i ∈ Iuu ∪ Iue (24d)

λ+,i ∈ K
⋆
i ∀i ∈ Iuu ∪ Iua ∪ Iue}. (24e)

We now show how we can derive the ACTR from classical

sets in manipulation.

The Contact Impulse Set. For a single contact pair i, the

predicted linear model of how the contact impulse changes as

we vary δu is given by λ+,i = Dκ,iδu+λκ,i(q̄, ū), as long as

the prediction of λ+,i lies within the friction cone K⋆
i . Thus,

the set of allowable contact impulses for this pair is given by

CΣU,κ,i(q̄, ū) :=
{

λ+,i|λ+,i = Dκ,iδu+ λκ,i(q̄, ū) (25a)

λ+,i ∈ K
⋆
i ∀i ∈ Iuu ∪ Iua ∪ Iue (25b)

δu⊤Σδu ≤ 1
}

(25c)

The Generalized Friction Cone. The generalized friction

cone [63] is a representation of the friction cone applied in

the space of object coordinates. This can be obtained by

applying the contact Jacobian that linearizes the kinematics

of the contact point with respect to object coordinates,

J CΣU,κ,i(q̄, ū) :=
{

wi|wi = J⊤
ui
λ+,i, λ+,i ∈ CΣU,κ,i

}

(26a)
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Fig. 2: Visualization of the action-only contact trust region SΣU,κ and the object motion set Mu
ΣU under different conditions.

The Wrench Set. The wrench set [61], [62] is defined as the

set of all achievable wrenches that can be applied to an object

given all possible contact forces that can be applied from a

certain configuration. This quantity has classically served as

an important metric in grasping analysis [5], [61], [64]. While

the classical wrench set has bounds on the contact force, we

will adopt this definition and apply bounds on the actuator

input instead (∥δu∥2Σ ≤ 1).

Our version of the wrench set is defined by taking

Minkowski sums of each generalized friction cone J CΣU,i

for all contact pairs,

WΣU,κ(q̄, ū) := {w|w = hτu +
∑

i wi (27a)

wi ∈ J CΣU,κ,i(q̄, ū)}, (27b)

where hτu is some external impulse on the object (e.g. by

gravity). The wrench set adequately describes the set of all

wrenches that can be applied on the object from a given

nominal configuration and input (q̄, ū).
The Motion Set. The motion set is analogous to motion

cones [59], [60] and is defined as the set of all feasible motions

that can be achieved. We construct this object by utilizing

a quasistatic relation between the object movement and the

applied impulse (6b), and further imposing non-penetration

constraints with the environment as well as other possible

objects,

Mu
ΣU,κ(q̄, ū) = {q

u
+|ϵMu(q̄)

(

qu+ − q̄u
)

/h = w, (28a)

w ∈ WΣU,κ(q̄, ū), (28b)

Jui
(qu+ − q̄u) + ci ∈ Ki, (28c)

∀i ∈ Iuu ∪ Iue}. (28d)

We can now draw the connection between the construction of

motion sets in this section, and the definition of the motion

set as the image of the trust region in Definition 3.

Lemma 2. The object motion set derived in (28) is equivalent

to the Action-only Motion Set where Definition 3 is applied

to (24),

Mu
ΣU (q̄, ū) = {q+|q+ = Bu

κδu+ fu
κ (q̄, ū) (29a)

δu ∈ SΣU,κ(q̄, ū)} (29b)

Proof: Section IX-B

F. Additional Constraints

We list some additional constraints and costs that may be

added to this formulation to further restrict the CTR.

1) Joint Limits: Consider joint limits qalb and qalb that must

be enforced by the robot. Then, we can add the constraint that

limits the position command that we send to the robot,

qalb ≤ ū+ δu ≤ qaub. (30)

2) Torque Limits: Many manipulators such as the iiwas also

have limits on the sensed torque experienced by the robots,

which can be represented as lower and upper bounds τlb and

τub. Although the quasi-dynamic formulation cannot account

for dynamic transient torques, we can compute the steady-state

torque experienced by the robot using the difference in the

sent position command and the predicted position [65]. Thus,

the set of achievable δu that does not violate this steady-state

torque limit can be written as

τlb ≤ K−1
a

(

q̄a+ +Baδu− ū
)

≤ τub. (31)

where τa accounts for gravitational torques on the robot.

Example 1 (Feasibility Constraints). Consider a simple 2-

joint arm robot attempting to move a single sphere object in

Figure 2. We illustrate the trust region, the motion set, and the

contact impulse set with δq = 0 and ∥δu∥2 ≤ 0.2; as δq = 0,

this set attempts to approximate the 1-step reachable set at

some configuration q, with ū = qa. We make the following

observations from Figure 2.
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• The above illustrated configurations are all almost in

contact, but still has a positive signed distance (not touch-

ing). Consequently, the gradients under true dynamics

will all evaluate to zero, leading to a point set. This

also signifies the importance of smoothing dynamics to

get more informative gradients, and corroborates previous

findings [9], [11], [12], [18].
• The reachable set with the linearized model is not suffi-

cient to capture the unilateral nature of contact for all of

the examples, as ellipsoids are bi-directional.
• For Configuration A, the primal feasibility constraints

lead to a bad approximation of the true object motion set;

as a result, imposing both the primal and dual constraints

would lead to a small set.
• Only imposing the dual constraints give the best ap-

proximation of the object motion set for Configuration

A; however, if we add an obstacle in Configuration B,

only imposing the dual constraints does not change the

set, leading to an insufficient approximation. This can be

remedied by adding primal feasibility constraints between

the unactuated geometries and environment geometries.
• None of the constraints are informative for approximating

the robot motion set, as robots are directly actuated, and

the map is close to a multiple of identity.
• From the illustration in Configuration C, we note how

our linearized approximation respects singularities, as the

sensitivity analysis procedure factor in the configuration

of the manipulator.

IV. LOCAL PLANNING AND CONTROL

We now study local gradient-based planning and control,

which is one of the core applications of our proposed contact

trust region. Among possible formulations of this problem, we

focus on coming up with a configuration and input sequence

that moves the system towards a goal configuration qgoal. The

full nonlinear form of this problem can be written as

min
q0:T ,u0:T−1

∥qgoal − qT ∥
2
Q +

T−1
∑

t=0

∥ut − ut−1∥
2
R, (32a)

s.t. qt+1 = f(qt, ut) ∀t, (32b)

|ut − ut−1| ≤ η ∀t, (32c)

q0 = q̄0, (32d)

where (32b) enforces dynamics constraints, (32c) enforces

input limits (recall that ut is a position command, thus input

limits are enforced in relative form), and (32d) enforces the

initial condition.

One of the biggest challenges in solving (32) is handling

the non-smooth contact dynamics constraint (32b). Although

MIP-based methods [28], [29] have struggled to scale up to

complex, contact-rich problems, the MIP formulation reveals

why the problem is hard: the search through the exponentially

many contact modes.

In this section, we present a method for solving (32) by

incorporating contact dynamics smoothing and the contact

trust region into a standard trajectory optimization scheme.

Through two toy problems, we show that the proposed method

can iteratively approach an advantageous contact mode for

reaching the given goals, even when the initial guess is in a

contact mode with non-informative gradient. In addition, we

present how the method can be used as a model predictive

controller and be extended to control contact forces.

A. Trajectory Optimization with CTR

Consider a trajectory optimization scheme, where we first

obtain some guess of the nominal input ū0:T−1, then roll

it out under the dynamics to get the nominal configuration

trajectory q̄0:T . Under a local approximation of (32) around

this nominal trajectory (q̄0:T , ū0:T−1) utilizing gradients of

smoothed dynamics and CTR, we search for optimal perturba-

tions (δq0:T , δu0:T−1) by solving the following local trajectory

optimization problem with linear dynamics constraints:

SubTrajOpt(q̄0:T , ū0:T−1, qgoal) = δu⋆
0:T−1,where (33a)

min
δq0:T ,δu0:T−1

∥qgoal − qT ∥
2
Q +

T−1
∑

t=0

∥ut − ut−1∥
2
R, (33b)

s.t. (δqt, δut) ∈ SΣ,κ(q̄t, ūt), t = 0 . . . T − 1, (33c)

δqt+1 = Aκ,tδqt +Bκ,tδut, t = 0 . . . T − 1, (33d)

qt = q̄t + δqt, t = 0 . . . T, (33e)

ut = ūt + δut, t = 0 . . . T − 1, (33f)

|ut − ut−1| ≤ η, t = 1 . . . T − 1, (33g)

δq0 = 0, (33h)

Here SΣ,κ in (33c) is the CTR in (22); (33d) is the standard

linear dynamics constraint in linear MPC; (33c) and (33d)

constitute our local approximation of the contact dynamics

constraint (32b); (33h) is due to the initial condition constraint

(32d). The sub trajectory optimization problem (33) is a

standard SOCP that can be solved by off-the-shelf conic

solvers. We note that other constraints as joint limits and

torque limits in Section III-F can be added trivially to this

formulation by incorporating them into SΣ,κ.

After obtaining the optimal values δq⋆t , δu
⋆
t , we update the

nominal input trajectory with ūt ← ūt + δu⋆
t , and repeat

the process of rolling out to obtain nominal configuration

trajectory, and searching for local improvements. This iterative

scheme is summarized in Algorithm 1.

Algorithm 1: CTR Trajectory Optimization (CtrTrajOpt)

1 Input: Initial state q0, goal state qgoal, input trajectory

guess ū0:T−1, iterations limit nmax;

2 Output: Optimized input trajectory ū⋆
0:T−1;

3 n← 0;

4 while not converged and n < nmax do

5 q̄0:T ← Rollout f from q0 with ū0:T−1;

6 δu⋆
0:T−1 ← SubTrajOpt(q̄0:T , ū0:T−1);

7 ūt ← ūt + δu⋆
t ∀t;

8 n← n+ 1

9 return ū0:T−1

B. Initial Guess Heuristic

As the trajectory optimization problem (32) is nonconvex,

the solution that Algorithm 1 converges to can be sensitive to
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Fig. 3: (a) A schematic of the system in Example 2. (b) Contact impulse under the true non-smooth dynamics (solid line), and the smoothed
dynamics (dashed line) for qa = −0.02 and qu = 0.2. The dynamics is smoothed with κ = 1000. The magenta box denotes (ū, λ̄u) with
ū = 0. The linear model at this configuration is denoted with a black straight line. Note that the dual feasibility constraint requires λ̄u to
be positive, which disqualifies the red zone. (c) Similar plot for the the next object configuration, qu+. The magenta box denotes (ū, q̄u+)
with ū = 0. The magenta translucent band around surrounding the black line represents {q+}×ACTR, where {q+} is a shorthand notation
for the action-only motion set Mu

ΣU (q̄, ū). The green, blue, red colored zones denote zones of qugoal where the inverse dynamics controller
displays similar behavior. (d) Similar plot for ū = 0.03.
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<latexit sha1_base64="mUWuW8Sx8lKPkAx0X2ijLt8PQdQ=">AAAB9HicbVBNSwMxFHxbv2r9qnr0EiyCp2VXpHrwUPDisYKthXYp2TTbhibZNckWytLf4cWDIl79Md78N2bbPWjrQGCYeY83mTDhTBvP+3ZKa+sbm1vl7crO7t7+QfXwqK3jVBHaIjGPVSfEmnImacsww2knURSLkNPHcHyb+48TqjSL5YOZJjQQeChZxAg2Vgp81+sJbEZKZGLWr9Y815sDrRK/IDUo0OxXv3qDmKSCSkM41rrre4kJMqwMI5zOKr1U0wSTMR7SrqUSC6qDbB56hs6sMkBRrOyTBs3V3xsZFlpPRWgn84R62cvF/7xuaqLrIGMySQ2VZHEoSjkyMcobQAOmKDF8agkmitmsiIywwsTYniq2BH/5y6ukfeH6dbd+f1lr3BR1lOEETuEcfLiCBtxBE1pA4Ame4RXenInz4rw7H4vRklPsHMMfOJ8/X1+R2g==</latexit>

1.0m

<latexit sha1_base64="AoMAdrAfKjFOJgths7yZNXljQk0=">AAAB/XicbVDLSsNAFJ34rPUVHzs3wSK4KolIdeGi4MZlBfuAtpTJ5KYdOpmEmRuxhuKvuHGhiFv/w51/4zTtQlsPXDicc+/cucdPBNfout/W0vLK6tp6YaO4ubW9s2vv7Td0nCoGdRaLWLV8qkFwCXXkKKCVKKCRL6DpD68nfvMelOaxvMNRAt2I9iUPOaNopJ592EF4wPydTEEwztLeaNyzS27ZzeEsEm9GSmSGWs/+6gQxSyOQyATVuu25CXYzqpAzAeNiJ9WQUDakfWgbKmkEupvlW8fOiVECJ4yVKYlOrv6eyGik9SjyTWdEcaDnvYn4n9dOMbzsZlwmKYJk00VhKhyMnUkUTsAVMBQjQyhT3PzVYQOqKEMTWNGE4M2fvEgaZ2WvUq7cnpeqV7M4CuSIHJNT4pELUiU3pEbqhJFH8kxeyZv1ZL1Y79bHtHXJms0ckD+wPn8A8cOWMA==</latexit>

uy

<latexit sha1_base64="tQDx6RXe/6jOkjhK1XfmkTCP0KA=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRbBVUlEqgsXBTcuK9gHtCFMprft0MkkzNxIayj+ihsXirj1P9z5N04fC209cOFwzr1z554wEVyj635buZXVtfWN/GZha3tnd8/eP6jrOFUMaiwWsWqGVIPgEmrIUUAzUUCjUEAjHNxM/MYDKM1jeY+jBPyI9iTvckbRSIF91EYY4vSdTEFnnKXBcBzYRbfkTuEsE29OimSOamB/tTsxSyOQyATVuuW5CfoZVciZgHGhnWpIKBvQHrQMlTQC7WfTrWPn1CgdpxsrUxKdqfp7IqOR1qMoNJ0Rxb5e9Cbif14rxe6Vn3GZpAiSzRZ1U+Fg7EyicDpcAUMxMoQyxc1fHdanijI0gRVMCN7iycukfl7yyqXy3UWxcj2PI0+OyQk5Ix65JBVyS6qkRhh5JM/klbxZT9aL9W59zFpz1nzmkPyB9fkD8D6WLw==</latexit>

ux

<latexit sha1_base64="u5z+krmIkcI303TTYj78wRWHUVw=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tFoNgFe5EooVFwMYyAfMByRH2NnPJmr29Y3dPDCG/wMZCEVt/kp3/xk1yhSY+GHi8N8PMvCARXBvX/XZya+sbm1v57cLO7t7+QfHwqKnjVDFssFjEqh1QjYJLbBhuBLYThTQKBLaC0e3Mbz2i0jyW92acoB/RgeQhZ9RYqf7UK5bcsjsHWSVeRkqQodYrfnX7MUsjlIYJqnXHcxPjT6gynAmcFrqpxoSyER1gx1JJI9T+ZH7olJxZpU/CWNmShszV3xMTGmk9jgLbGVEz1MveTPzP66QmvPYnXCapQckWi8JUEBOT2dekzxUyI8aWUKa4vZWwIVWUGZtNwYbgLb+8SpoXZa9SrtQvS9WbLI48nMApnIMHV1CFO6hBAxggPMMrvDkPzovz7nwsWnNONnMMf+B8/gDn/Y0B</latexit>

x

<latexit sha1_base64="gb3x39zFE7HDu1u9blVgqPnpULU=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp1ItLAI2FgmYD4gOcLeZi5Zs7d37O4JR8gvsLFQxNafZOe/cZNcoYkPBh7vzTAzL0gE18Z1v5219Y3Nre3CTnF3b//gsHR03NJxqhg2WSxi1QmoRsElNg03AjuJQhoFAtvB+G7mt59QaR7LB5Ml6Ed0KHnIGTVWamT9UtmtuHOQVeLlpAw56v3SV28QszRCaZigWnc9NzH+hCrDmcBpsZdqTCgb0yF2LZU0Qu1P5odOyblVBiSMlS1pyFz9PTGhkdZZFNjOiJqRXvZm4n9eNzXhjT/hMkkNSrZYFKaCmJjMviYDrpAZkVlCmeL2VsJGVFFmbDZFG4K3/PIqaV1WvGql2rgq127zOApwCmdwAR5cQw3uoQ5NYIDwDK/w5jw6L86787FoXXPymRP4A+fzB+mBjQI=</latexit>

y

<latexit sha1_base64="hMaDOarNLRS0X0k250YRI0xT1Xc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmu2mXbjZhdyKE0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR8wS7kd0qEQoGEUrPaT9rF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6E+oRsEkn5Z6qeEJZWM65F1LFY248SfzU6fkzCoDEsbalkIyV39PTGhkTBYFtjOiODLL3kz8z+umGF77E6GSFLlii0VhKgnGZPY3GQjNGcrMEsq0sLcSNqKaMrTplGwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx92nI3s</latexit>

uy

<latexit sha1_base64="hMaDOarNLRS0X0k250YRI0xT1Xc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmu2mXbjZhdyKE0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR8wS7kd0qEQoGEUrPaT9rF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6E+oRsEkn5Z6qeEJZWM65F1LFY248SfzU6fkzCoDEsbalkIyV39PTGhkTBYFtjOiODLL3kz8z+umGF77E6GSFLlii0VhKgnGZPY3GQjNGcrMEsq0sLcSNqKaMrTplGwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx92nI3s</latexit>

uy

<latexit sha1_base64="hMaDOarNLRS0X0k250YRI0xT1Xc=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqicpePFY0X5AG8pmu2mXbjZhdyKE0p/gxYMiXv1F3vw3btsctPXBwOO9GWbmBYkUBl332ymsrW9sbhW3Szu7e/sH5cOjlolTzXiTxTLWnYAaLoXiTRQoeSfRnEaB5O1gfDvz209cGxGrR8wS7kd0qEQoGEUrPaT9rF+uuFV3DrJKvJxUIEejX/7qDWKWRlwhk9SYrucm6E+oRsEkn5Z6qeEJZWM65F1LFY248SfzU6fkzCoDEsbalkIyV39PTGhkTBYFtjOiODLL3kz8z+umGF77E6GSFLlii0VhKgnGZPY3GQjNGcrMEsq0sLcSNqKaMrTplGwI3vLLq6R1UfVq1dr9ZaV+k8dRhBM4hXPw4ArqcAcNaAKDITzDK7w50nlx3p2PRWvByWeO4Q+czx92nI3s</latexit>

uy

<latexit sha1_base64="nXqy3jcNlMJCKcTDazGymTJGhfk=">AAAB83icbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFNy4r2Ad0xpJJM21okhmSjFiG/oYbF4q49Wfc+Tdm2llo64HA4Zx7uScnTDjTxnW/ndLa+sbmVnm7srO7t39QPTzq6DhVhLZJzGPVC7GmnEnaNsxw2ksUxSLktBtObnK/+0iVZrG8N9OEBgKPJIsYwcZK/tODL7AZK5Hh2aBac+vuHGiVeAWpQYHWoPrlD2OSCioN4VjrvucmJsiwMoxwOqv4qaYJJhM8on1LJRZUB9k88wydWWWIoljZJw2aq783Miy0norQTuYJ9bKXi/95/dRE10HGZJIaKsniUJRyZGKUF4CGTFFi+NQSTBSzWREZY4WJsTVVbAne8pdXSeei7jXqjbvLWrNZ1FGGEziFc/DgCppwCy1oA4EEnuEV3pzUeXHenY/FaMkpdo7hD5zPH5enkg8=</latexit>

x
a <latexit sha1_base64="8r1fuuWdMG0RTUlUrBtJAsts2Ws=">AAAB83icbVDLSgMxFL3js9ZX1aWbYBFclRmR6rLgxmUF+4DOWDJppg1NMkOSEYahv+HGhSJu/Rl3/o2ZdhbaeiBwOOde7skJE860cd1vZ219Y3Nru7JT3d3bPzisHR13dZwqQjsk5rHqh1hTziTtGGY47SeKYhFy2gunt4Xfe6JKs1g+mCyhgcBjySJGsLGSnz36ApuJEjmeDWt1t+HOgVaJV5I6lGgPa1/+KCapoNIQjrUeeG5ighwrwwins6qfappgMsVjOrBUYkF1kM8zz9C5VUYoipV90qC5+nsjx0LrTIR2skiol71C/M8bpCa6CXImk9RQSRaHopQjE6OiADRiihLDM0swUcxmRWSCFSbG1lS1JXjLX14l3cuG12w076/qrVZZRwVO4QwuwINraMEdtKEDBBJ4hld4c1LnxXl3Phaja065cwJ/4Hz+AJk2khA=</latexit>

y
a

<latexit sha1_base64="lfupWhExaFlK6SVKi/y7VdWHP2E=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiQi1WXBjcsK9gFNLJPppB06mcR5CCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkJve7T1Qqloh7PU1pEOORYBEjWFvJf3zwY6zHMs7MbFCtuXV3DrRKvILUoEBrUP3yhwkxMRWacKxU33NTHWRYakY4nVV8o2iKyQSPaN9SgWOqgmyeeYbOrDJEUSLtExrN1d8bGY6VmsahncwTqmUvF//z+kZH10HGRGo0FWRxKDIc6QTlBaAhk5RoPrUEE8lsVkTGWGKibU0VW4K3/OVV0rmoe4164+6y1mwWdZThBE7hHDy4gibcQgvaQCCFZ3iFN8c4L86787EYLTnFzjH8gfP5A6sikhw=</latexit>

q
u

<latexit sha1_base64="j2BJCDGGq4FDPebsSHvYLCJ+m0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0n/af+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWru7rNTreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AF1so3t</latexit>

ux

<latexit sha1_base64="j2BJCDGGq4FDPebsSHvYLCJ+m0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0n/af+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWru7rNTreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AF1so3t</latexit>

ux

<latexit sha1_base64="j2BJCDGGq4FDPebsSHvYLCJ+m0Y=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseCF48V7Qe0oWy2k3bpZhN2N2IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4Zua3H1FpHssHM0nQj+hQ8pAzaqx0n/af+uWKW3XnIKvEy0kFcjT65a/eIGZphNIwQbXuem5i/Iwqw5nAaamXakwoG9Mhdi2VNELtZ/NTp+TMKgMSxsqWNGSu/p7IaKT1JApsZ0TNSC97M/E/r5ua8NrPuExSg5ItFoWpICYms7/JgCtkRkwsoUxxeythI6ooMzadkg3BW355lbQuql6tWru7rNTreRxFOIFTOAcPrqAOt9CAJjAYwjO8wpsjnBfn3flYtBacfOYY/sD5/AF1so3t</latexit>

ux

<latexit sha1_base64="Pk9OgLnpVStSKtEamFZo86ktzOM=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQi1WXBjcsK9gFNDZPppB06k8R5iCXkH9z4K25cKOLWjTv/xkkbUFsPDBzOuffOvSdIGJXKcb6shcWl5ZXV0lp5fWNza9ve2W3JWAtMmjhmsegESBJGI9JUVDHSSQRBPGCkHYwucr99R4SkcXStxgnpcTSIaEgxUkby7WMvFAinXoKEoojB2xuPIzUUPNVZ9iNr/z7z7YpTdSaA88QtSAUUaPj2p9ePseYkUpghKbuuk6hemo/EjGRlT0uSIDxCA9I1NEKcyF46uSmDh0bpwzAW5kUKTtTfHSniUo55YCrzheWsl4v/eV2twvNeSqNEKxLh6UehZlDFMA8I9qkgWLGxIQgLanaFeIhMSMrEWDYhuLMnz5PWSdWtVWtXp5V6vYijBPbBATgCLjgDdXAJGqAJMHgAT+AFvFqP1rP1Zr1PSxesomcP/IH18Q36+59/</latexit>

∂qu

∂ux

<latexit sha1_base64="Pk9OgLnpVStSKtEamFZo86ktzOM=">AAACE3icbVDLSsNAFJ34rPUVdelmsAjioiQi1WXBjcsK9gFNDZPppB06k8R5iCXkH9z4K25cKOLWjTv/xkkbUFsPDBzOuffOvSdIGJXKcb6shcWl5ZXV0lp5fWNza9ve2W3JWAtMmjhmsegESBJGI9JUVDHSSQRBPGCkHYwucr99R4SkcXStxgnpcTSIaEgxUkby7WMvFAinXoKEoojB2xuPIzUUPNVZ9iNr/z7z7YpTdSaA88QtSAUUaPj2p9ePseYkUpghKbuuk6hemo/EjGRlT0uSIDxCA9I1NEKcyF46uSmDh0bpwzAW5kUKTtTfHSniUo55YCrzheWsl4v/eV2twvNeSqNEKxLh6UehZlDFMA8I9qkgWLGxIQgLanaFeIhMSMrEWDYhuLMnz5PWSdWtVWtXp5V6vYijBPbBATgCLjgDdXAJGqAJMHgAT+AFvFqP1rP1Zr1PSxesomcP/IH18Q36+59/</latexit>

∂qu

∂ux

<latexit sha1_base64="feYQ+b0vfLWoa/P3tM3twq85Aqs=">AAAB+XicbVBNSwMxEJ31s9avVY9egkWoIGVXpHoRCl48VrAf0C4lm2bb0GyyJNlCWfpPvHhQxKv/xJv/xrTdg7Y+GHi8N8PMvDDhTBvP+3bW1jc2t7YLO8Xdvf2DQ/fouKllqghtEMmlaodYU84EbRhmOG0niuI45LQVju5nfmtMlWZSPJlJQoMYDwSLGMHGSj3X7YZYZekU3aGyd4m8i55b8ireHGiV+DkpQY56z/3q9iVJYyoM4Vjrju8lJsiwMoxwOi12U00TTEZ4QDuWChxTHWTzy6fo3Cp9FEllSxg0V39PZDjWehKHtjPGZqiXvZn4n9dJTXQbZEwkqaGCLBZFKUdGolkMqM8UJYZPLMFEMXsrIkOsMDE2rKINwV9+eZU0ryp+tVJ9vC7VankcBTiFMyiDDzdQgweoQwMIjOEZXuHNyZwX5935WLSuOfnMCfyB8/kDxOaRzA==</latexit>

ū = (0, 0)
<latexit sha1_base64="fHNL/Kii7ceAdxtLUnz9PR24eGc=">AAACAHicbVDLSgMxFL1TX7W+Rl24cBMsQgUtMypVF0LBjcsK9gHtUDJpWkMzmSHJCGWYjb/ixoUibv0Md/6NaTsLbT0Q7uGce7m5x484U9pxvq3cwuLS8kp+tbC2vrG5ZW/vNFQYS0LrJOShbPlYUc4ErWumOW1FkuLA57TpD2/GfvORSsVCca9HEfUCPBCszwjWRuraex0fyyRO0TUqOWXn6hidmHJ21LWLpk6A5ombkSJkqHXtr04vJHFAhSYcK9V2nUh7CZaaEU7TQidWNMJkiAe0bajAAVVeMjkgRYdG6aF+KM0TGk3U3xMJDpQaBb7pDLB+ULPeWPzPa8e6f+klTESxpoJMF/VjjnSIxmmgHpOUaD4yBBPJzF8RecASE20yK5gQ3NmT50njtOxWypW782K1msWRh304gBK4cAFVuIUa1IFACs/wCm/Wk/VivVsf09aclc3swh9Ynz/xv5Nn</latexit>

ū = (0.09,−0.03)

<latexit sha1_base64="GCqTnYFpZtGR8+o7blTkxBH1SbA=">AAACEXicbVDLSsNAFJ34rPUVdelmsAgVpCQq1Y1QcOOygn1AE8tkOmmHziRxZiKUkF9w46+4caGIW3fu/BsnaRbaemCYwzn3cu89XsSoVJb1bSwsLi2vrJbWyusbm1vb5s5uW4axwKSFQxaKrockYTQgLUUVI91IEMQ9Rjre+CrzOw9ESBoGt2oSEZejYUB9ipHSUt+sOh4SSZzCS5iz+/TO4UiNBE9QJlatY2jVrNOjvlnRfw44T+yCVECBZt/8cgYhjjkJFGZIyp5tRcpNkFAUM5KWnViSCOExGpKepgHiRLpJflEKD7UygH4o9AsUzNXfHQniUk64pyuzbeWsl4n/eb1Y+RduQoMoViTA00F+zKAKYRYPHFBBsGITTRAWVO8K8QgJhJUOsaxDsGdPniftk5pdr9VvziqNRhFHCeyDA1AFNjgHDXANmqAFMHgEz+AVvBlPxovxbnxMSxeMomcP/IHx+QNR/Ztg</latexit>

ū = q̄
a = (0, 0.03)

Fig. 4: (a) A schematic of the system in Example 3. (b) Gradient landscape of the smoothed dynamics at q̄a = (0, 0.03) and q̄u = 0.
The dynamics is smoothed with κ = 1000. (c) Gradient landscape of the non-smooth dynamics at the same nominal configuration. The
blue region at the bottom corresponds to the separation contact mode, the two yellow regions the sliding modes, and the yellow region the
sticking mode. (d) ACTR for different ū’s, overlaid on the non-smooth gradient landscape in (c).

the choice of initial guesses for the input trajectory ū0:T−1.

The most uninformed initial guess would be to set the position

command to be the current configuration of actuated bodies

(ūt = q̄a0 , ∀t). However, this can be problematic especially

when the robots are not in contact with the object in q0, as

Bu
κ, the gradient of object motion w.r.t. robot actions, can get

close to 0 even with dynamics smoothing when the distance

between them are far away.

To alleviate this problem, we can compute a position com-

mand that would result in the closest contacting configuration

from q0, and pass this command as the initial guess for ū0:T−1.

To compute this initial guess, we utilize the intuition that

the log-barrier smoothed dynamics in (10) results in a force-

from-a-distance like effect that pushes away objects even when

not in contact. We simply reverse this force field by sending

the following torque to the robot,

τ = −
∑

i

Ju
i
⊤λi (34)

and simulate forward using Drake [53] until the robot is in

contact with the object.

C. Examples

To elucidate the role of CTR in Algorithm 1, we show how

a single-horizon (T = 1) trajectory optimizer solves two toy

problems in Example 2 and Example 3. We note that the CTR

reduces to the ACTR (Definition 4) when T = 1 as the initial

condition constraint (33h) eliminates the perturbations on q.

Example 2 (1D Pushing). Consider the 1D system in Figure 3

with two bodies of width 0.2, one actuated (red sphere) and

one unactuated (grey box), both constrained to slide on a

frictionless surface along the x axis. Let qa0 = −0.02 and

qu0 = 0.2: the ball is 0.02m away from touching the box.

Even with the help of dynamics smoothing, the slope at this q
with ū = qa0 (yellow circle in Figure 3c) is still small, which

is not informative for planning.

In contrast, applying the initial guess heuristics in Sec-

tion IV-B brings the robot into contact with the object, giving

ū = 0.0 (magenta square in Figure 3c). The new ū creates

the linearized dynamics (black line) in Figure 3c, whose

slope gets closer to that of the “in contact” piece of the

non-smooth contact dynamics. The dual feasibility constraints

(22e) removes the region where the linearized contact impulse

(black line in Figure 3b) is negative, leading to the ACTR

(projection of the magenta translucent line onto the u axis) in

Figure 3c.

However, the slope at ū = 0 is still quite different from the

slope of the true, non-smooth dynamics. Under this inaccurate

linear approximation of the true dynamics, we further analyze

the behavior of the optimizer depending on the given goal

configuration qugoal:

• Green zone: If qugoal is in the green zone, the optimizer will

move in a positive u direction, correctly moving the box

towards the goal. However, as the slope is smaller than

the slope of the non-smooth dynamics, the commanded

u will overshoot qugoal.
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• Blue zone: If qugoal is in the blue zone, then the optimizer

will move backwards even though the optimal action

is to move forward. This is due to the non-physical

behavior caused by smoothing: according to the smoothed

linearization, when u = 0 is commanded, the object will

be pushed away by the barrier forces to a location further

than qugoal. To lessen this effect, the optimizer chooses to

move backwards.

• Red zone: If qugoal is in the red zone, the optimizer would

move backwards but stop at the boundary of the red

region, which corresponds to the leftmost point in the

ACTR in Figure 3c. Without the dual feasibility constraint

(22e), a naive linear model with an ETR will move

backwards into the red region to attempt pulling the

object.

The analysis above suggests that the ū improved by the

initial guess heuristics is still not ideal for planning: as the ū
is located at the boundary between two contact modes which

have distinct gradients, a single linear model at ū approximates

neither mode well.

Interestingly, we observe that Algorithm 1 can iteratively

improve the local linear approximation under the smoothed

dynamics. Consider reaching the goal qugoal = 0.22 from

qa0 = −0.02, qu0 = 0.2 and ū = 0. At the first iteration, (33) is

solved with the ACTR from Figure 3c. Due to overshooting

caused by underestimating the slope of the true dynamics,

ū ← 0.03. At the second iteration, the optimizer constructs

the ACTR for ū = 0.03, which is shown in Figure 3d. As

ū = 0.03 is deeper in penetration, the ACTR aligns more

closely with {u|u ≥ 0}, the domain of the in-contact piece of

the non-smooth dynamics. Moreover, the blue zone under the

new ACTR, representing the non-physical artifacts caused by

smoothing, also shrinks. Under this better local approximation

of the non-smooth dynamics, the second iteration returns

ū = 0.0202, getting qu+ much closer to qugoal = 0.22.

Example 3 (2D Ball Pushing 1D Box). To further illustrate

how Algorithm 1 iteratively improves the local linear ap-

proximation of the non-smooth contact dynamics, we study a

slightly more complex system shown in Figure 4a. The system

consists of an unactuated box constrained to slide frictionlessly

along the x axis, and an actuated ball that can move in the xy
plane and make frictional contact with the box’s top surface.

The non-smooth contact dynamics of this system consists

of 4 contact modes: sticking, sliding left, sliding right, and

separation. Each mode can be identified with an affine piece

in the Piecewise-Affine (PWA) contact dynamics, which is

continuous but has discontinuous gradients. Specifically, we

examine ∂qu+/∂ux, the component of Bu
κ = ∂qu+/∂u that

describes how much the object(box) moves along the x axis

relative to how much the ball(robot) moves along the same

axis. As shown in Figure 4c, ∂qu+/∂ux is constant within

each mode, but is separated from nearby modes by cliffs. The

gradient can be made continuous with dynamics smoothing,

which is shown in Figure 4b.

Consider the task of moving the box to qugoal = 0.2 from

the initial configuration qu0 = 0 and qa0 = (xa
0, y

a
0) = (0, 0.03):

the ball hovering 0.03m above the box. Starting with ū = qa0
puts the system in the “separation” mode, but accomplishing

the task requires the ball to push down and drag the object

to the right with friction, which is best done in the “sticking”

mode.

We show that our method is able to iteratively nudge ū to

the “sticking” mode. Similar to Example 2, we first apply the

initial guess heuristics, bringing ū from qa0 (yellow circle in

Figure 4) to (0, 0) (magenta square). Looking at the smoothed

gradient landscape in Figure 4b, we see that the smoothed

∂qu+/∂ux climbs up a lot from ū = qa0 to ū = (0, 0).
Furthermore, after running Algorithm 1 for 2 iterations, the

ū (green star) reaches the yellow plateau. This sequence of

ū’s is plotted in Figure 4b.

Plotting the same ū sequence over the non-smooth gradient

landscape in Figure 4c reveals that ū jumps from the “sep-

aration” mode at the bottom to the “sticking” mode at the

top. Without smoothing, mode switches can also be achieved

by encoding modes with integer variables and solving the

resulting MIP. However, for systems with more contact modes,

this approach becomes prohibitively expensive.

Lastly, we plot the ACTR for the above sequence of ū in

Figure 4d. Here we use Σ = diag(0.05−2, 0.05−2), which

bounds δu in a circle of radius 0.05. The circular portion of

the ACTR boundaries arises from the ellipsoidal constraint

(22a), whereas the straight portion follows from the dual

feasibility constraint (22e). Compared with the ACTR at qa0
(dark yellow), the ACTR after applying the initial guess

heuristics (magenta) approximates the sticking region much

better. Furthermore, as the ū after two iterations of (1) (dark

green) gets deeper into the “sticking” mode, the straight edge

of its ACTR aligns more closely with the boundary between

sticking and sliding.

D. Model Predictive Control

The above planning algorithm can be readily turned to a

controller through Model Predictive Control (MPC). As shown

in Algorithm 2, we obtain the optimal trajectory u⋆
t by solving

(32) with Algorithm 1 (Line 9), only use the first input u⋆
0 to

deploy on the true CQDC dynamics Line 10, then re-plan

after observing the next configuration. Moreover, we initialize

CtrTrajOpt from the initial guess heuristics (Section IV-B)

at the first iteration (Line 6), and from the solution of the

previous iteration at later iterations (Line 8).

As done in the iMPC algorithm in [11], [18], we can also

utilize the rollouts of an MPC controller as a closed-loop

trajectory optimizer similar to how iLQR [66] performs closed-

loop planning by rolling out with linear feedback laws.

We further analyze the behavior of MPC on an example with

many contact modes, and show the scalability of our method in

Example 4. This example also illustrate the importance of the

dual feasibility constraints (22e) by a quantitative comparison

against the ellipsoidal trust region (19).

Example 4 (Bimanual iiwa). Consider the planar bimanual

iiwa system where each iiwa arm has 4 of the 7 available

DOFs locked to constrain its motion to the xy plane. The

system is tasked with moving a cylindrical object to a desired

location. From the initial configuration qu0 = (qux, q
u
y , q

u
θ ) =

(0.65, 0.0, 0.0), we command a relative large rotation to reach

qugoal = (0.65, 0.1, 5π/6). The controller is rolled out in closed-

loop for 35 steps, and the resulting trajectories are displayed

in Figure 5.



11

Algorithm 2: MPC Rollout (MPC)

1 Input: Initial state q0, goal state qgoal, planning horizon

T , iterations limit nmax, MPC rollout horizon H;

2 Output: Lists of visited states Lq , applied inputs Lu;

3 Lq ← [q0], Lu ← [];
4 for t = 0 to H − 1 do

5 if t == 0 then

6 ū0:T−1 ← Apply initial guess heuristics to qat ;

7 else

8 ū0:T−1 ← Initialize from the previous u⋆
0:T−1;

9 u⋆
0:T−1 ← CtrTrajOpt(qt, qgoal, ū0:T−1, nmax);

10 qt+1 = f(qt, u
⋆
0);

11 Lq .append(qt+1), Lu.append(u⋆
0);

12 return Lq, Lu

ETR

CTR

Fig. 5: Visualization for Example 4. (a) Visualization of key frames
of the closed-loop sequence, with the current qu and the goal qugoal

displayed as frames. (b) Distance to goal for each rollout, ∥qut −qugoal∥.
(c) Visualization of contact forces of every potential collision pair in
the planar iiwa bimanual system.

The rollouts from Figure 5b tell us that the MPC controller

indeed benefits from our Contact Trust Region, as it is able to

successfully rotate the cylinder by 5/6π while the Ellipsoidal

Trust Region fails to achieve the task. In addition, observing

the contact forces in Figure 5c tells us that the controller is

able to scalably search across local changes in contact modes

and arrive at a different contact sequence than the initial

configuration.

E. Force Control

Having a local linear model of the dual variables (contact

impulses) also allows us to explicitly control the desired

contact forces that we can apply on the object, as we can

add the cost

∥λu
i − λu

goal∥
2
L (35)

to optimize how much contact force we apply between a the

collision pair indexed by i. Note that when the matrices Q (in

(32a)) and L have orthogonal eigenspaces, we can apply force

in some directions while causing motion in other directions,

performing hybrid force velocity control [38], [67]. We illus-

trate the performance of this force controller in Example 5.

Fig. 6: Visualization for Example 5. (a) Initial configuration at t = 0.
(b) Final configuration at t = 30. The green arrows visualize contact
forces applied at spherical collision geometries on the corners of
the box. (c) Response of the contact impulses per inverse dynamics
iteration for different smoothing parameters.

Example 5 (Force Control). Consider a task where a 2-dof

manipulator must be commanded to apply a specific wrench

wu
goal between a box and a table, visualized in Figure 6.

As we need to command a wrench between two bodies but

our decision variables are contact impulses for each collision

geometry pairs, we convert the contact impulses to the net

wrench experienced by the body. This can be done by modi-

fying the cost in (35) as

∥wu
goal −

∑

i∈Iue
J⊤
ui
λu
i ∥

2, (36)

The result of rolling out the inverse dynamics controller is

visualized in Figure 6.

We observe that the controller successfully achieves the

desired wrench wu
goal, but more smoothing results in a bias in

the achieved wrench due to the fact that the controller attempts

to achieve wu
goal under smoothed dynamics, and sends a less

penetrating position command as a result.

V. LOCAL PLANNING EXPERIMENTS

In this section, we ask whether the planning method pre-

sented in Section IV is successful under the CQDC dynamics

used as dynamics constraints in planning. We are particularly

interested in answering the following questions:

• Does the CTR improve performance over the ETR?

• How does the planning horizon T in (32) affect MPC

errors?

• Does the method successfully reach a diverse set of goals

on complex systems such as dexterous hands?

To answer these questions and demonstrate the scalability

of our method, we conduct statistical analysis on two contact-

rich robotic systems:

• the planar IiwaBimanual system in Example 4, which

comprises of 3 unactauted DOFs, 6 actuated DOFs and

29 collision geometries. The whole system is constrained

to the xy plane, with gravity pointing along the negative

z direction. The bucket measures 0.28m in diameter. The

task is to rotate the object, a cylindrical bucket, to target

SE(2) poses.

• the 3D AllegroHand system, which comprises 6 unac-

tauted DOFs, 16 actuated DOFs and 39 collision ge-

ometries. The object, a 6cm cube, is unconstrained. The

hand’s wrist is welded to the world frame. The task is to

reorient the cube to target SE(3) poses.
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Fig. 7: Results for running the CTR and ETR variants of Algorithm 2 on the pairs of goals and initial conditions generated in Section V-A1.
The histogram shows how many samples reached a specified error in the x axis, where error is defined as ∥pgoal −pfinal∥+ |∆θ(Qgoal, Qfinal)|.
The dotted lines in the histogram represent the average errors. Each dot in the scatter plot corresponds to a pair of an initial condition qu0
and a goal qugoal. Color of the dots is determined by the error. The two scatter plots in the same row share the same color scale, whose
maximum value is the average of the errors for reaching the goals with ETR. (a) For IiwaBimanual, the x axis of the scatter plots is the
position difference between qu0 and qugoal, the y axis the angular difference. (b) For AllegroHand, as the position difference is small for all
goals, the x axis shows the yaw angle difference between qu0 and qugoal, and the y axis the pitch angle difference. The roll, pitch and yaw
axes are defined in Figure 12a.

A. Experiment Setup

1) Goal Selection : When statistically evaluating our

method, the success rate depends on which goals are com-

manded from which initial configurations. For local optimiza-

tion methods, picking the pairs of initial configurations and

goals is nontrivial: we cannot pick goals that are too easy,

but we also cannot pick goals that can only be reached with

highly non-local movements and extensive exploration. These

hard goals do not help us evaluate the performance of our

planner, as we are more concerned with the ability to stabilize

locally.

To give goals that are considered more locally reachable yet

far enough to be challenging for the planner, we utilize the

following schemes. For the iiwa bimanual environment, we

first prescribe some initial state q̄ by sampling contact points

on the surface of the object and solving inverse kinematics;

then, the goals are sampled from the boundary of the object

motion set Mu
ΣU,κ(q̄, ū) with ū = q̄a. However, we set the

ellipsoid radius to be large so that the task is sufficiently

challenging. The resulting goals have maximum 120◦ rotation

and 0.4m translation from the initial state (Figure 7). Similarly,

we prescribe some grasp for the Allegro hand and sample

orientations that have about a 60◦ difference from the initial

state according to the axis-angle metric.

With the above procedure, we sampled 1233 pairs of initial

states and goals for the iiwa bimanual system and 1000
pairs for the allegro hand system. The sampled pairs are

shown in the scatter plots in Figure 7, which exhibit a broad

distribution, indicating a high level of diversity in the samples.

Moreover, as we only care about moving the object to desired

configurations, we do not generate robot goal configurations.
2) Evaluation Metrics: We evaluate the performance of our

method by comparing the difference between qufinal, the final

object configuration reached by the by Algorithm 2, and qugoal,

the goal object configuration. As we are only concerned with

reaching object goals, we set the robot-related entries in the

cost matrix Q in (33) to 0.

We split the object configuration qu into a quaternion Q
and a position p: qu := (Q, p), both expressed relative to

the world frame. We divide the error in qu into a translation

error ∥pgoal − pfinal∥, and an rotation error ∆θ(Qgoal, Qfinal),
where ∆θ(·, ·) returns the angular difference between two unit

quaternions.

As a reference, we summarize in Table II the average

amount of translation and rotation between the initial and goal

object configurations generated in Section V-A1. These would

be the object pose tracking errors if the planning algorithm

being evaluated did nothing.

IiwaBimanual AllegroHand

Mean ∥pgoal − p0∥ [mm] 152 16

Mean |∆θ(Qgoal, Q0)| [mrad] 356 788

TABLE II: Mean translation and rotation differences for pairs of
initial and goal object states generated in Section V-A1.

3) Implementation Details: The numerical experiments are

run on a Macbook Pro with the M2 Max chip and 64GB of
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RAM. We use the same open-sourced implementation of the

CQDC dyanmics as in [11]. The convex subproblem (33) in

Algorithm 1 is solved with Mosek [68].

B. Effect of Planning Horizon T

First, we study how the planning horizon T used in (32)

affects the MPC errors. Specifically, for the IiwaBimanual sys-

tem and the corresponding goals selected from Section V-A1,

we run Algorithm 2 with planning horizon from 1 to 5,

a maximum iteration of 2 (T = 1 . . . 5, nmax = 2 in

Algorithm 1), and a MPC rollout horizon H of 10.

The results are summarized in Table III. Surprisingly, we

found that the planning horizon T has little to no effect on

the final error for MPC: our method is able to reach the

goals within a tight tolerance for all values of T . We believe

that this is due to two reasons: i) we have chosen the initial

configurations and goals to be reasonably reachable using our

trust region, and ii) the CQDC model allows large change in

configurations within a single step, so we are able to get away

with significantly less horizon compared to other MPC tasks

such as dynamic locomotion.

T = 1 2 3 4 5

Translation (mm) 2.02 1.99 1.64 2.11 2.1

Rotation (mrad) 2.72 3.51 3.25 4.13 5.03

TABLE III: Mean translation and rotation Errors for IiwaBimanual
under different planning horizon T .

C. Effect of Trust Region Radius

Next, we investigate whether the additional feasibility con-

straints in CTR help us better solve the MPC problem in

Section IV-D. In Section III, we hypothesized that a large

ellipsoidal region would result in violations of important

contact constraints such as not allowing contact forces to pull.

In addition, we hypothesized that if one were to search for an

ellipsoid that is fully inscribed within the feasible set, it would

result in an overly small trust region that would require more

iterations.

Thus, we could ask: how does the trust region radius Σ

affect the performance gap between CTR and the ellipsoidal

region? As the radius shrinks, we would expect there to be less

of a difference in performance as the ellipsoidal trust region

would also not violate feasibility constraints, simply due to

being small in size.

To test this, we run Algorithm 2 on the IiwaBimanual system

with different trust region radii. We set Σ to a constant scaling

of the identity matrix, i.e. Σ = rI where r ∈ R+ is the radius.

We also use T = 1, nmax = 2 and an MPC rollout horizon

of 10. Lastly, as we decrease the trust region radius r, we

increase the number of iterations to keep the number of total

traveled steps in the MPC rollouts approximately similar.

The results are illustrated in Figure 8. Interestingly, increas-

ing the trust region radius r improves CTR performance but

degrades ETR performance. Furthermore, the performance gap

between CTR and ETR decreases as we decrease the trust

region radius, as we hypothesized.

Moreover, to experimentally justify our choice of dropping

the primal feasibility constraints in CTR (Section III-D), we
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Fig. 8: Comparison of error as trust region radius is varied for the
iiwa bimanual example. Experiments with smaller trust region radii
are run with more iterations.

also ran MPC with FTR (Section III-C), which enforces both

primal and dual feasibility constraints. Consistent with the

visualization in Figure 2, we observe that adding in primal

feasibility constraints decreases performance.

D. Can Our Method Reach Goals?

Finally, for all initial condition and goal pairs generated in

Section V-A1, we run Algorithm 2 and analyze the results

using the metrics in Section V-A2. A subset of the MPC

hyperparameters is summarized in Table IV.

T nmax r H

IiwaBimanual 1 2 0.1 10

AllegroHand 1 3 0.05 50

TABLE IV: MPC hyperparameters: T and nmax are defined in
Algorithm 1; r is the trust region radius (recall Σ = rI); H is
the MPC rollout horizon in Algorithm 2.

As shown in Figure 7, on both IiwaBimanual and Allegro-

Hand, MPC with CTR can reach most goals well, achieving

average errors much smaller than the naive ETR. As Figure 7

combines rotation and translation errors, we present them sep-

arately in Table V to better illustrate their relative magnitudes.

IiwaBimanual AllegroHand

Trans. [mm] Rot. [mrad] Tran. [mm] Rot. [mrad]

CTR 1.9 2.0 2.5 12.8

ETR 9.2 10.8 5.5 47.3

TABLE V: Mean translation and rotation errors for the combined
errors in Figure 7.

We also record the wall clock time spent on the most

time-consuming steps in Algorithm 2, shown in Table VI.

CtrTrajOpt for AllegroHand is considerably slower due

to the higher number of dual feasibility constraints (24e).

When constructing the CTR, we only add dual feasibility

constraints for robot collision geometries close to the object.

For IiwaBimnaual, only a few robot collision geometries are

near the bucket at a time, whereas most of the geometries on

the Allegro hand are close since the cube is typically grasped.

VI. STABILIZATION UNDER SECOND-ORDER DYNAMICS

In Section V, we presented results for running MPC on the

CQDC dynamics (7). However, although it removes the force-

at-a-distance effect from smoothing, the CQDC dynamics is
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time unit [ms] IiwaBimanual AllegroHand

Per IGH 16.60 40.90

Per CtrTrajOpt 4.80 135.94

Per qt+1 = f(qt, u⋆
0
) 0.86 5.70

Total Time 72.30 7150.23

TABLE VI: Breakdown of the average runtime (wall clock) for
Algorithm 2. IGH stands for Initial Guess Heuristic. The total time
row is obtained using the parameters in Table IV. Total time ≈ IGH
time + H× (time per CtrTrajOpt + time per f ).

still different from real contact physics: not only are second-

order effects ignored, it also introduces a small gap between

objects undergoing sliding friction [10, Section IV-A2], which

is an artifact known as “hydroplaning” [69, Appendix B]

shared by contact dynamics formulations that utilize An-

itescu’s convex relaxation for contact dynamics [51].

In this section, we would like to understand how the gap be-

tween the CQDC and real physics affect MPC performance in

more realistic settings. Specifically, we focus on answering the

question: can the MPC controller using the CQDC dynamics

perform closed-loop stabilization i) on high-fidelity simulated

second-order dynamics, and ii) on hardware?

A. Addressing the CQDC to Second-order Dynamics Gap

We first introduce two techniques which have empirically

boosted the performance of MPC on second-order dynamics.

The modified MPC algorithm is summarized in Algorithm 3.

1) Reducing feedback rate: To handle second-order dynam-

ics, f2nd
2, in MPC, can we simply replace the CQDC dynamics

(f in Line 10 of Algorithm 2) with f2nd? Considering the

computation time shown in Table IV, we can run the MPC

loop at about 20Hz on IiwaBimanual and 5Hz on AllegroHand.

However, we observed significant instability when we tried

this: the robot oftentimes keeps shaking the object around

the starting configuration without making progress towards the

goal until timeout.

Interestingly, we found the shaking behavior can be elimi-

nated by reducing the feedback rate. As shown in Algorithm 3,

instead of re-planning multiple times per second, we compute

a longer trajectory (usually 1-2 seconds) using Algorithm 2 for

multiple steps (H > 1) (Line 4), roll out the entire returned

action sequence Lu open-loop on the second-order dynamics

(Line 5), and repeat.

2) Applying Initial Guess Heuristics More Frequently:

When running trajectories generated by Algorithm 2 open-

loop on second-order dynamics, we observed that the robot

sometimes loses contact with the object. We hypothesized

that this is caused by the hydroplaning artifact of the CQDC

dynamics, which allows the robot to exert sliding friction

forces on the object without actually touching it. As the

hydroplaning artifact does not exist for sticking friction [51],

we can alleviate hydroplaning by regularly pulling the robot

back into contact with object using the initial guess heuristics

(Section IV-B). Specifically, in Algorithm 2, instead of only

applying the initial guess heuristics at the first iteration (Line 5

to Line 8), we apply it at every iteration to the corresponding

qat .

2With the term “second-order dynamics” and the symbol f2nd, we refer to
both simulated second-order dynamics and hardware dynamics.

We denote this modified version of MPC with the symbol

MPCProj in Line 4 of Algorithm 3, where the subscript

denotes the projection back to the contact manifold, which

is the effect of applying the initial guess heuristics.

Algorithm 3: MPC with 2nd-order Dynamics f2nd

1 Input: Initial state q0, goal state qgoal, planning

horizon T , iterations limit nmax, MPC rollout horizon

H , number of re-plans N ;

2 i← 0;

3 while qgoal not reached and i < N do

4 q⋆0:H , u⋆
0:H−1 ←MPCProj(q0, qgoal, T, nmax, H);

5 qfinal ← Apply u⋆
0:H−1 to f2nd;

6 q0 ← qfinal;

7 i← i+ 1

B. Experiment Setup

We evaluate Algorithm 3 using the same final-distance-to-

goal metric proposed in Section V-A2 on both IiwaBimanual

and AllegroHand. For each system, we run two ablation

variants of our algorithm, each omitting a crucial component.

• Closed-loop. This is running Algorithm 3 as is with

multiple re-plans (N > 1).

• No Heuristics. We replace MPCproj with the MPC

defined in Algorithm 2. In other words, we apply the

initial guess heuristics only at the first iteration in MPC,

instead of at every iteration.

• Open-loop. This can be interpreted as reducing feedback

rate to the extreme: there is no re-planning at all. Instead,

we plan a long trajectory that gets the object all the way

to the goal and run it open-loop.

We use the same CtrTrajOpt parameters from Table IV.

Other important MPC hyperparameters are summarized in

Table VII. For closed-loop IiwaBimanual experiments, we use

larger N for goals that are further away, while keeping N×H
around 25. In contrast, as slippage happens a lot more often

on the AllegroHand system, we keep N constant for all goals

to give MPC more chances to recover.

N (Number of re-plans) H (MPC rollout horizon)

System open-loop closed-loop open-loop closed-loop

IiwaBimanual 1 Variable 25 5
AllegroHand 1 5 50 10

TABLE VII: Hyperparameters for the MPC in Algorithm 3. No
Heurisitcs and Closed-loop share the same parameters.

Simulation Setup. We incorporate the IiwaBimanual and

AllegroHand systems presented in Section V into Drake [15],

which employs a complete second-order dynamics model

along with state-of-the-art contact solvers [53], [70]. We main-

tain identical collision geometries, robot controller stiffness,

and friction coefficients between the CQDC dynamics and

Drake.

Hardware Setup. We keep the MPC and physical parame-

ters of the system, such as robot feedback gains, object shape,

mass, and friction, consistent between Drake and hardware.
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Fig. 9: Results for running the three variants of Algorithm 3, namely open-loop, no heuristics and close-loop, on the pairs of goals and
initial conditions generated in Section V-A1. All figure elements follow the same definitions used in Figure 7.

IiwaBimanual AllegroHand

Trans.[m] Rot.[rad] Trans.[m] Rot.[rad]

Open-loop Sim 0.048 0.115 0.011 0.443

No Heuristics Sim 0.050 0.066 0.015 0.358

Closed-loop Sim 0.021 0.039 0.014 0.290

Open-loop HW 0.016 0.056 0.014 0.323

Closed-loop HW 0.013 0.024 0.018 0.258

TABLE VIII: Mean translation and rotation errors for simulation
(Sim) and hardware (HW) experiments.

We measure the object pose utilizing the OptiTrack motion

capture system. Passive spherical reflectors are sufficient for

the bucket in IiwaBimanual. For the cube in AllegroHand,

in order to not alter the collision geometry with external

markers, we embed light-emitting active markers in the cube.

In addition, we post-process the cube pose by solving an

inverse kinematics problem that projects the raw OptiTrack

measurement out of penetration with the Allegro hand.

C. Results & Discussion

We plot the results of our experiments in Figure 9, and dis-

play the translation and rotation errors separately in Table VIII.

We discuss some of our findings from the experiments.

1) Closed-loop vs. Open-loop: Closed-loop MPC clearly

outperforms open-loop on both systems. This suggests that

even though reducing the feedback rate (Section VI-A1) is

needed for stability, feedback is still necessary to reduce object

tracking errors.

2) AllegroHand vs. IiwaBimanual: The average errors from

closed-loop MPC is much smaller on IiwaBimanual, which

we attribute to the Allegro task’s inherently difficulty. As

reaching goal poses on the Allegro often requires lifting the

cube (Figure 12b), any slip can cause the cube to drop,

resetting progress and resulting in large errors. In contrast, on

IiwaBimanual, the bucket remains on a tabletop, so slipping

merely slows progress without eliminating it.

Challenges due to slipping is also evident in the distribution

of tracking errors in the scatter plots in Figure 9b. Under the

closed-loop MPC, Allegro’s tracking error remains low for

large yaw angles when pitch angle is near zero, because the

cube’s bottom face stays close the palm for such goals. In

other goal orientations requiring more lift, the cube is less

supported by the palm, increasing the risk of dropping.

3) Closed-loop vs. No Heuristics: Although the initial

guess heuristics only slightly reduces the mean error (see the

histograms in Figure 9), it significantly lower the incidence of

large errors (i.e., those close to or exceeding 1). Such large

errors usually happen when the object falls off the supporting

surface (Figure 11d and Figure 12d) after contact is lost during

MPC. By regularly applying the initial guess heuristics, the

robot is constantly pulled back to the object, greatly reducing

the chances of losing contact. As demonstrated in Figure 11b

and Figure 12c, although lost contact occurred and caused

some error, the object did not fall, thanks to the initial guess

heuristics.

Moreover, applying the initial guess heuristics results in

cleaner, shorter trajectories. Once contact is lost during the ex-

ecution of Algorithm 3(e.g. Figure 11), the subsequent MPC

step (Line 4) typically starts by commanding a large robot

movement to reestablish contact. However, under the closed-

loop variant of Algorithm 3 where the initial guess heuristics

is applied more frequently, this movement is significantly
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(a) (b)

Iiwa Bimanual Allegro Hand

Fig. 10: Robot Path Length Comparison between the Closed-loop
and No Heuristics variants of Algorithm 3. Dotted vertical lines
indicate the mean values of each color-coded sample set.

Fig. 11: Failures of Algorithm 3 on Iiwabimanual. The dark gray
box represents the table top which supports the bucket. The light
gray area represents empty space.

smaller.

In fact, for each pair of iniditial and goal configurations, we

can compute the path length travelved by the robot as follows:

Robot Path Length =

∫ tfinal

0

∥q̇a(t)∥2 dt, (37)

where tfinal is the duration of the experiment and qa(t) : R →
R

na the robot trajectory. As shown in Figure 10, closed-loop

MPC results in shorter robot path lengths.

4) Hardware Experiments: Using voxel-grid down-

sampling, we get 50 uniformly-spaced pairs of initial states

and goals for each system from the pairs used for simulation

experiments. Shown in the last two rows of Table VIII, the

average errors of hardware experiments are comparable to

those of simulation. All hardware and simulation videos are

available in an interactive plot on our project website.

VII. ACTUATOR PLACEMENT

Through our method presented in Section IV, as well as the

results in Section V and Section VI, we have shown how our

presented MPC allows successful stabilization to local goals.

However, relying solely on finite-horizon MPC formula-

tions can be limiting if the goal is sufficiently “far away”.

Specifically, goals that are more difficult to reach require the

controller to momentarily make suboptimal actions in order

Fig. 12: Failures of Algorithm 3 on AllegroHand.

Fig. 13: Difficult cases for greedy finite-horizon MPC that require
long-horizon exploration capabilities. A. A classical example for
path-finding where the robot needs to go from the red X to the blue
X. Note that the robot needs go back first, momentarily suffering
an increase in Euclidean distance, before it can proceed towards the
blue X and reach the goal. B. A similar planar-pushing example in
manipulation, where the goal is to push the box upwards. From this
configuration, the agent must break contact and travel all around to
the back of the box, causing no effect in making progress towards
the goal in terms of box movement, in order to push the box up.

to be optimal in the long run. Such problems inherently

cannot be addressed solely by greedy finite-horizon MPC,

as illustrated by key examples in Figure 13. To tackle such

problems, classical motion planning and RL literature either

resort to sophisticated exploration strategies or utilize dynamic

programming to estimate a long-horizon value function.

To efficiently conduct long-horizon planning for contact-

rich manipulation, we utilize two key insights. The first

insight comes from dynamic programming: knowledge of key

intermediate states allows us to decompose a difficult long-

horizon problem into multiple shorter subproblems in which

greedy strategies can be more effective. For the planar-pushing

example in Figure 13, consider the configuration in which the

ball is at the bottom of the box as opposed to the top. If the

planner had i) seen this configuration before and ii) known

that this configuration is significantly more advantageous for

pushing the box upward using local control, it can attempt

to go towards this advantageous configuration first before

attempting to establish contact with the box.

Next, we use the fact that because we have full control

of the actuated DOFs, it is possible to leverage collision-free

motion planning to move from one configuration to another
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without reasoning about contact dynamics (provided that a

feasible path exists). This allows us to abstract away the details

of collision-free motion planning at when we plan contact

interactions, and assume that the robot can teleport from one

configuration when the object is at a stable configuration. For

instance, in the planar-pushing example in Figure 13, we can

freely search for a good pusher configuration to push the box

upwards without having to worry about the details of which

path the robot has to take.

In this section, we leverage the CTR and our proposed MPC

method to first search for these meaningful key configurations,

while the next section will show how we can chain these key

configurations together.

A. Problem Specification

Given a current configuration of the unactuated object qu

and some goal configuration qug , we ask the following question:

what is a good configuration to place the actuators qa, if

we want the resulting full configuration q = (qa, qu) to be

advantageous for driving qu to qug with local MPC? Formally,

we write this optimization problem as

min
qa

C(qa; qu, qug ) (38a)

s.t. qalb ≤ qa ≤ qaub, (38b)

ϕi(q
a, qu) ≥ 0 ∀i, (38c)

where (38b) are joint-limit constraints, (38c) enforce non-

penetration constraints for every collision pair indexed by i,
and (38a) is our cost criteria for judging how fit qa is in driving

qu to qug . Our cost C is consisted of two terms: the finite-

horizon value function of the MPC policy (Section VII-A1),

and a regularization term for robustness (Section VII-A2).

1) Finite-Horizon Value Function of the MPC Policy: A

natural way to query for the fitness of the actuator configura-

tion qa is to utilize the cost of our finite-horizon MPC problem

(32a) incurred from the MPC rollout defined in Algorithm 2,

V (qa; qu,qug ) = ∥q
u
g − quT ∥

2
Q +

T−1
∑

t=0

∥ut − ut−1∥
2
R, (39a)

s.t. q0:T , u0:T−1 = MPC(q0, q
u
g , T, nmax, H), (39b)

q0 = (qa, qu). (39c)

We note that although MPC rollout in Algorithm 2 accepts

a full configuration qg as a goal, we can give it unactuated

configurations only (qug ) by setting the cost terms of the

actuated objects to zero, Qa = 0, as we did in Section V-A2.

In addition, due to the efficiency of the MPC controller, the

finite-hozion value function can be quickly queried online.

However, the landscape of this value function, as visualized

for a simple problem in Figure 14, is multi-modal with many

local minima and maxima. This hints at the necessity of global

optimization when we search for the minimizers of (39).

2) Robustness Regularizer: Is the value function in (39)

sufficient as a cost? Although it correctly evaluates the fitness

of a given qa in terms of closed-loop goal reaching, we found

that there may be cases where multiple configurations are

equally fit, yet one configuration provides more robustness

compared to others.

For example, consider the task in Figure 15 where the

task is to push the ball slightly to the right. Both of these

configurations are nearly equal in the goal-reaching cost (see

Table IX); yet, the configuration in Figure 15a would be

preferred in practice, as both fingers can be used to reject

small disturbances during closed-loop control.

Configuration (a) (b)

MPC Value function V 2.82e-4 2.16e-4

Max inscribed sphere radius. 7.12e-3 1.68e-3

TABLE IX: Comparison of MPC value function cost and maximum
inscribed sphere radius for two configurations in Figure 15.

To formalize this notion of robustness, we take inspiration

from classical grasping metrics [61], [64], [72], as well as the

connection between the CTR and the classical wrench set in

Section III-E. Specifically, we adopt a worst-case metric [61]

that reasons about the maximum wrench a grasp can resist

along any direction. Geometrically, this quantity corresponds

to the maximum-inscribed sphere in the wrench set.

Formally, consider a unit vector v ∈ R
nqu . Then, the radius

of the maximum-inscribed sphere within the wrench set can

be described as the following mini-max problem,

r(qa; qu) := min
v

max
r∈R

r (40a)

s.t. ∥v∥ = 1 (40b)

rv ∈ WΣU,κ(q̄ = (qa, qu), ū = qa). (40c)

To evaluate this quantity, we first make a polytopic ap-

proximation of the wrench set WΣU,κ by sampling from the

ACTR using a rejection sampling scheme. This scheme i) first

samples from the ETR ellipsoid and ii) rejects samples that

do not obey feasibility constraints. Then, we fit a convex hull

to these samples using the Qhull library.

Once we have a polytopic representation of the convex set

in H-rep, (i.e. {z|a⊤W,iz + bW,i ≤ 0 ∀i}), we can find r by

solving a variant of the Chebyshev center problem,

max
r≥0

r (41a)

s.t. ∥ai∥2r + bi ≤ 0 ∀i. (41b)

3) Total Cost: We combine the two costs in Section VII-A1

and Section VII-A2 use a weighting term α ∈ R≥0:

C(qa; qu, qug ) = V (qa; qu, qug )− αr(qa; qu)2, (42)

where we note that the radius is subtracted as it is a reward.

B. Optimization by Monte-Carlo Sampling

Solving (38) is a challenging problem, as i) the gradient

of the cost function is quite difficult to obtain [72], and ii)

it requires global search, as evidenced by the nonconvex cost

landscape in Figure 14. As a result, we resort to a simple

sampling-based search which samples from the feasible set of

(38) by rejection sampling, then chooses the best sample.

However, due to the high variance of this process in high-

dimensional spaces, as well as the complexity of navigating

high-dimensional configuration spaces, we found that directly

applying this strategy is not very effective beyond simple

planar problems. As a result, we introduce a few heuristic

changes to make this optimization more tractable.



18

X (m) X (m) X (m)

Y
 (
m

)

Y
 (
m

)

Y
 (
m

)
C

o
s
t

C
o

s
t

C
o

s
t

Fig. 14: Visualization of the landscape of (39) for the planar pusher-T example inspired by [71]. The black T corresponds to the current
configuration of the object qu, and the green T corresponds to the goal configuration of the object qug . The landscape corresponds to the
position of the round pusher qa, colored with the cost function V (qa; qu, qug ). The red pusher configuration corresponds to the global optima
of the landscape.

(a) (b)

(c) (d)

Fig. 15: Top Row: Comparison of two configurations (a) and (b) for
the 2D planar hand system in Figure 2. Although both configurations
are advantageous for moving the object to the goal, they share the
same MPC value function cost (Table IX). Bottom Row: Plot of
the wrench set (illustrated in red) and the maximum inscribed sphere
(blue), where (c) corresponds to configuration (a) and (d) corresponds
to (b). Note that configuration (a) has a much larger inscribed sphere
due to the anti-podal grasp.

1) A Reduced-Order Model: Inspired by [2, §5.4], instead

of solving (38) directly on the full configuration space of qa,

we first solve the problem on a reduced-order model, then

map the solution to qa. For the Allegro hand, our reduced-

order model consists of four spheres, each free to move in

3 dimensions with bounding-box joint limits (Figure 16a).

Then, we solve for qa by matching the fingertip positions to

those of the spheres with Inverse Kinematics (IK), as shown in

Figure 16b. Our IK procedure solves the following Quadratic

Program (QP) iteratively,

min
δq,p+,k

∑

k

∥p+,k − pdes,k∥
2 (43a)

s.t. p+,k = pk +
∂pk
∂q

δq (43b)

Jni
δq + ϕi ≥ 0 (43c)

− ε1 ≤ δq ≤ ε1, (43d)

where k indexes each fingertip and its corresponding sphere,

pdes,k ∈ R
3 is the location of the sphere, pk is the location

of the fingertips at the current iteration q. Note that (43b)

corresponds to a linearization of forward kinematics and (43c)

(a) (b)

Fig. 16: (a) Visualization of the reduced-order system for the Allegro
in Section VII-B1, which consists of four spheres. (b) Visualization
of the IK result on the optimized solution, mapping the reduced-order
system to the full system.

enforces non penetration at every iteration. After an optimal

δq⋆ is found, we start the next iteration with q ← q + δq⋆.

2) Contact Sampling Distribution: Furthermore, we noticed

that when we sample from the feasible set of (38), the spheres

in the reduced-order model frequently do not fully end up in

contact with the cube, resulting in a low robustness metric.

Thus, after sampling sphere positions from their respective

joint limits, we project the spheres to the nearest point on the

surface of the cube, so that we are effectively sampling from

a distribution of grasps.

C. Results

We test the performance of our method on the AllegroHand

system. We first set up three representative pairs of initial and

goal configurations for the cube, then run our algorithm to

solve (38), whose solution corresponds to the optimal initial

configuration of the Allegro hand. Then, we evaluate the

fitness of the solution by rolling out MPC (Algorithm 2) from

the found initial configuration, and record the error between

the final rollout and the goal configurations.

Results in Table X indicate that our method achieves error

on the order of 10mm in position, and 30 mrad (1.7◦) in ori-

entation. Moreover, the discovered initial hand configurations

in Figure 17 agree with our intuition on how the cube should

be grasped if we want to move the cube towards the goals.

We note that the given result was obtained with 1000
samples on the reduced-order model. Reducing the number

of samples for lower computation time is possible, but would

result in higher variance in performance. In addition, we found
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(a) (b) (c)

Fig. 17: Initial actuator configurations found by our method for (a)
yaw 0◦ to 45◦, (b) yaw 45◦ to 90◦, and (c) pitch 0◦ to 90◦. The
initial configuration of the cube is marked with a long and thin triad,
while the goal configuration of the cube a short and thick triad.

MPC

MPC

Collision-Free

Fig. 18: Illustration of roadmap construction described by Algo-
rithm 4. The vertical axis represents the actuator configuration qa,
while the horizontal plane the space of object configurations qu. To
connect the vertices q0 := (qu0 , q

a
0) and q1 := (qu1 , q

a
1), we first plan

from q0 to qu1 with MPC, reaching the top red dot. As the top red
dot and q1 share the same object configuration qu1 , we can connect
them with a collision free planner.

that other types of motions, such as pitch 0◦ to −90◦, or

rotation along the x-axis (roll), are physically very difficult

on the Allegro hand.

Task Position [mm] Rotation [mrad] Time [s]

Yaw 0◦ to 45◦ 12.05± 3.49 32.41± 27.14 57.83± 2.08
Yaw 45◦ to 90◦ 9.85± 10.88 15.72± 21.08 57.28± 0.72
Pitch 0◦ to 90◦ 21.42± 8.91 32.12± 32.03 57.84± 0.73

TABLE X: Performance of our algorithm for finding initial actuator
configurations. Results are obtained with 10 repeated runs. Each run
is optimized using 1000 samples.

VIII. GLOBAL PLANNING WITH ROADMAPS

Using the method for generating actuator configurations in

Section VII, we present a simple recipe for global search, in

which we chain local plans together to efficiently reach global

goals which are challenging for local MPC. Our method,

inspired by the Probabilistic Roadmap (PRM) [73], consists

of an offline phase in which the roadmap is constructed, and

an online phase where we reach arbitrary goals using the

roadmap.

A. Roadmap Construction

In the offline phase, we build a roadmap in which the

vertices are grasping configurations and the edges are local

plans that transition between these configurations.

We present the roadmap construction method in Algo-

rithm 4. The grasping configurations R in Line 1 are generated

by solving (38) for pairs of qu’s from a set of stable object

configurations. For each pair of configurations (qi, qj) in R, we

first try to reach quj from qi by running MPC (Line 5), and then

Algorithm 4: Roadmap Construction

1 Input: Grasping configurations R := {(qui , q
a
i )}

m
i=1,

MPC Parameters: T , nmax and H;

2 V ← ∅, E ← ∅;
3 Output: Sets of vertices V and edges E;

4 for ordered pair qi := (qui , q
a
i ), qj := (quj , q

a
j ) in R do

5 q0:H , u0:H−1 ←MPC(qi, q
u
j , T, nmax, H);

6 qH:M , uH:M−1 ← CollisionFree(qH , qj);
7 if MPC and CollisionFree both successful then

8 V .add(qi), V .add(qj);

9 E.add(qi, qj , (q0:M , u0:M−1));

10 return V, E

reach qaj by standard collision-free motion planning (Line 6).

This procedure is illustrated in Figure 18. We repeat this

procedure and add all successful connections to the roadmap.

We further note that in the special case of manipulating

objects with geometric symmetries (such as AllegroHand), a

single grasping configuration can represent multiple equivalent

configurations. For example, a single grasping configuration

for a cube can be expanded into 24 distinct configurations,

due to the cube’s 24 rotational symmetries. By exploiting this

property, the same grasp and action sequence can be used to

generate multiple edges in the roadmap.

Consider the cube configuration in Figure 19a, which corre-

sponds to the identity rotation (i.e. no rotation). By leveraging

symmetry, we can reach its 24 rotational symmetries using

just three basic operations: i) yaw from 0◦ to 90◦, ii) yaw

from 0◦ to −90◦ and iii) pitch from 0◦ to 90◦. These three

operations require just five grasps in total: 2 for each yaw

and 1 for the pitch (see Figure 17). The grasps take about 5

minutes to generate (Table X). Moreover, connecting each pair

of grasping configurations with MPC and collision-free motion

planning takes a few seconds (Table VI), keeping the total

roadmap construction time under 10 minutes. Parallelizing

these steps can further reduce computation time.

To verify the robustness of the constructed roadmap, we

conducted a random walk on the roadmap on hardware, and

recorded 150 successful consecutive edge transitions before

hardware failure occurred (the hand overheated). Recording

of this experiment can be found in the supplementary video.

B. Inference on a Roadmap

After the roadmap (V,E) is constructed, we can synthesize

plans connecting any starting configuration q0 to any goal

object configuration qugoal. To do this, we first connect q0 and

qugoal to their respective nearest vertices in the vertex set V ,

which can be done using the same procedure in Line 5 and

Line 6 of Algorithm 4. Then, the problem reduces to finding

the shortest path between two vertices on a graph, which can

be solved with standard methods. An example path generated

using this approach is shown in Figure 19. More roadmap

planning examples can be found in the supplementary video.

IX. CONCLUSION

Have we solved the problem of planning and control through

contact dynamics? Locally—on CQDC dynamics—the answer
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Fig. 19: A complete path generated by our roadmap-based global planner. The object configuration in each frame is highlighted at the
lower-left corner. (a) shows the starting configuration, which in this example is a vertex already in the roadmap. (b) can be reached from
(a) with a −90◦ yaw. (c) has the same object configuration as (b), but the hand has repositioned for a 90◦ pitch. (d) is system configuration
after the pitch. (e) shows the system reaching the goal configuration from (d). The path (a)-(d) is part of the roadmap and generated offline.
(d)-(e) is generated online using collision-free planning and local MPC.

is tantalizingly close to yes if tracking error is the only thing

we care about. However, we do not understand this problem

nearly as well as we do the simple pendulum: not only do we

lack solid explanations for the small but non-zero number of

planner failures, but we also have yet to carefully study the

method’s control-theoretic properties, including stability and

region of attraction.

Much more remains to be understood for second-order

dynamics, both in simulation and on hardware. In particular,

keeping the robot in contact with the object, without exploiting

the artifact of CQDC dynamics, remains one of the biggest

unsolved challenges. Incorporating the CTR constraints in

MPC greatly alleviates the problem of lost contact, and the

initial guess heuristics empirically helps a bit more. However,

we occasionally still observe loss of contact, and its root cause

remains unclear.

Nevertheless, the tools presented in this paper already

enable capabilities that were previously out of reach for model-

based methods. By accounting for the unilateral nature of

contact, our contact trust region makes it possible to apply

a broad range of robotics algorithms to contact-rich manip-

ulation problems. We hope the MPC, grasp synthesis, and

roadmap-based global planning methods introduced here are

only a small sample of the many contact-rich manipulation

algorithms yet to come.
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APPENDIX

A. Derivation of (8)

The equality part of the KKT conditions of (6) consists of

the stationarity conditon and complementary slackness (6b)

and (4c), which can be written as

Pq+ + b−
∑

i

J⊤
i λi = 0 (44a)

ν⊤i λi = 0 ∀i. (44b)

Looking at the structure of the SOCP parameters (P, b,Ji, ci)
tells us that b is the only variable dependent on u. As the

primal and dual variables q+, λi are also dependent variables,

differentiating both equations w.r.t. u gives us

P
∂q+
∂u

+
∂b

∂u
−
∑

i

J⊤
i

∂λi

∂u
= 0 (45a)

(

Ji

∂q+
∂u

)⊤

λi +
∂λi

∂u

⊤

(Jiq+ + ci) = 0 ∀i (45b)

Rewriting in matrix form gives us the desired form.

B. Proof of Lemma 2

Writing the wrench set gives us

W(q̄, ū) = {w|w =
∑

i

J⊤
ui
λ̄i (46a)

λ̄i = Diδu+ λ(q̄, ū) (46b)

δu⊤Σδu ≤ 1 (46c)

λ̄i ∈ K
⋆
i ∀i ∈ Iuu ∪ Iue ∪ Iua (46d)

J⊤
ui
(qu+ − q̄u) ∈ Ki∀i ∈ Iuu ∪ Iue (46e)

and we want to prove that the set,

Mu(q̄, ū) := {q+ = Buδu+ f(q̄, ū), δu ∈ F(q̄, ū)} (47)

is equivalent to

{q+|
ϵ

h
Mu(q̄)(q

u
+ − q̄u) = hτu + w,w ∈ W}. (48)

To prove this, we utilize Lemma 4.3.1 to argue that for any

given δu, the next configuration q̄+ and contact impulses λ̄i

that are defined by a linear map on δu,

q̄+ = Buδu+ f(q̄, ū) (49)

λ̄i = Diδu+ λi(q̄, ū), (50)

must jointly satisfy the fact that

ε

h
Mu

(

q̄u+ − q̄u
)

= hτu +
∑

i

J⊤
ui
λ̄i. (51)
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